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{c1, . . . , cm}
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W1 · · ·Wk
ÀÅu¨U£¨
k ≥ 0 Â¨¶ ­º¶Å Wi ¥±¢ Ti(ni,1 : ni,2) Â 0 ≤ ni,1 ≤ ni,2 ≤∞ ¿·|£ i = 1, . . . , k Â P³+¬ T1, . . . , Tk  P£¨¬P¥±¢¤¥¹³+ºU ¤½µ9¨
³? P®G¨¢¶Â#ÀÄ¥¹¼¹¼'¦¶¨º¶ P¼¹¼S¨¶¬K  ïPë ð ¨W½ ð ½|«D½¨ ¸¾ð ½§W¨ Æ
¤UVIA@<?>B~IAB>B:R>Ö<9_AB>BGe<5G¬S">BA@AQ8OVG?8WY<?4G?~c8W:v>@x_\­VIA@<?> Ge8R<5G¬47xt<9_[~8OHF7\,8WGW
÷ ·)¯ ít½¨W½ º í f°$D°± ² ¨ ¸  · » ·q¯ ít½¨;½ º íI º ©X¨ ¸  · Iªg©p½ªI¦ ð|· §
T1, ..., Tn
¥±¢  ¢U¨f·{¿£§7¼S¨¢ {R1, ..., Rn}ÀÅu¨U£¨6¨¶ ­º¶ÅQ£§7¼S¨
Ri
ö
















¥±¢ 6£¨3¡­§7¼S P£¤½µu¨¨´µ?£¨¢¢¥·|³·P»P¨£ {T1, . . . , Tn} ∪ C ∪ S Â |³+¬ qi ¥±¢
 G®§7¼¾¤¥ µ+¼V¥º¥¹¤½G¼¾¥±¢l·|»8¨U£
{T1, . . . , Tn} ∪ C ∪ S
Æ
 <9_[~8OYg8UHI>@<?>B4DHx4D2<9_[~8pF725> F7QIAB8WGa<?4^JD8R<?MI8W2S">@<?MTF,Ge8R<"47x£25VIAB8WG¬Yg8UHI>BHIJ]Ge~c8W:R>BFDA<9_&~c8HF7\,8;G
S">BA@A¡Qc8O:RF7ABAB8WYF ¨ ¸  · » ·q¯ ít½¨;½ º í  2?VIAB847x<5MI8x4D25\














Cd → cd [Title Artist+ #Category? ]
Title → title[# Subtitle?]
Subtitle → subtitle[#]
Artist → artist [#]












÷ ·)¯ ít½¨W½ º í f°$D°$ò² »tªg¨Wªdªg¨R¨ · ©pí ¥±¢
¥¹³+¬|§9º¤¥¹»8¨U¼¾½Z¬)¨¸³+¨¶¬Z P¢Ä¿·|¼¹¼S·PÀE¢
•  G¤½µu¨³+ |®6¨ P³?¬Z Z¦¶ P¢¶¥º6º¶·P³9¢3 |³9 |£¨¬­ P© µ9 P¤©¨£³9¢Â















































 Æ Ê Å9¨£¨¨´)¥±¢¢!¥¹³
D
 £§7¼S¨












c1, . . . , cm
Æ
îxÉªIï ð· 4°±$f°¹  ·P£ ¹Å9¨ ¤½µu¨ ¬)¨¸³9¥¹¤¥·P³
D
¿¶£·P® Åu¨ µ+£¨U»0¥·P§¢ ¨´q |®!µ?¼S¨ ¥¹ Åu·P¼¬8¢UÁ
Cd →D cd [Title Artist #Category ] →∗D cd [title[#] artist [#]  µ9·µ  ] →∗D cd [title[  ©·µ  ]
artist[   P®£·PÀÄ³  ]  µu·¶µ  ] Æ
dÅ<?8W25F7<?>BHIJ<?MI8¬258RS"25>Ö<5>@HIJG9<58R~GS8\,F_O8WD8WH^<5VF7ABAB_FD2?25>BD8aF7<FYIF7<5F-<?8W2?\T£f¬M>BGJ^>@^8WGtFG?8R\]F7H&<5>B:WG
x4D2¬<9_[~c8Yg8HI>Ö<5>@4^HGW
































T → G > G-<?MI8­2?VIAB8Ox4^2F,<9_[~c8bpF725>BFDQIAB8 T >@H D cS"M8R258 G >BG47xt<?M8x4D25\
l[r]
4D2





labelD(T ) = $
zZ[4>@x
d ∈ [[T ]] <5MI8RH
root(d) = label(T )

NP8KF^G?G?VI\,8<5MFp<OF7AB~IMFDQ8R<4Dx3ABFDQ8WABG L ∪ {$} > G<?4D<5F7ABAB_4^25YI8R258WYTQ[_F258RA Fp<5>@4^H ≤ ~¡Sa8K:RFDA@A£<?MI> G4D2Yg8W2?>BHIJ P¼ µ9Åu ­¦¶¨U¥º6·|£¬­¨U£¥¹³q¡Dr \bVIA@<?>B~IAB>B:R>Ö<9_LA@> Ge<
W1 . . .Wk
IS"M8R2588;FD:M
Wi = Ti(ni,1 : ni,2)
FDHY
Ti
> G¬FO<9_[~c8HFD\,8D[>BG § º ©¨ · » SO 2W <
D
>Öx













l[c1 . . . cn]
F7HY/F¾25VIAB8








































îxÉªIï ð· 4°:D°Ê ½µ9¨¬­¨¸#³9¥¹¤¥·P³







D2 = {A→a[A|B|D], B→b[CD], C→b[#], D→c[#]}
¥±¢µ+£·µ9¨£Z |³+¬ ¨0Æ ¡qÆ
typeD2(b, A|B|D) = B P³?¬








AB8RHIJD<?MP47xr<5MI8]:v4^2?258WG?~4^HYg>BHIJ258RJ^VIABFD28Ryg~I2?8;G?G?>B4DH M -qnpo8OÅKu-47<5>B:R8b<5MFp<<?M8K®¤óYg8HI>Ö<5>@4^HèM `zy[<nO
258W¯&VI>B2?8;G{|Z[8;:=<5>@4^H¾I igB;}<?MFp<K:R4DH&<?8WH&<\K4gYg8WABG­Ge~c8W:R>V8WY Q[_0258RJ^VIA F728Ry[~2?8;G?G?>@4^HG>BH 8RAB8R\,8RH&<<9_[~c8




jlk  û=fsu'ruz{t pýtp ùKúû=Dý
dH<5MI> G£G?8W:v<?>B4DHS8aYg8;G?:R2?>BQc8aF7ABJD4^2?>@<?M\,G£:v4^\K~Vg<?>BHIJ-QFDG?>B:z4^~8W25F7<?>B4DHG4DHO<9_[~c8WGWC:MI8;:wx4^2£8W\,~g<?>BHI8WG5GW
>BH^<58R2Ge8;:=<5>@4^HIF7HY:MI8;:w]x4D2">BH:vABVG?>@4^H



















































S1 . . . Sm ∈ L(ri){
m ≥ 0 }=ONP8­258R~c8WF7<<5MI8,Ge8;:v4DHY0Ge<?8R~!VIH&<?>BAzF7H0>@<?8W25F7<?>B4DH!S"MI>B:M!Yg4[8WGHI47<O:MFDHIJD8KF7H[_&<?MI>BHIJf¬M8<9_[~8OHF7\,8WG¬S"MI> :MUF7258VHI\]F725wD8WYL>BH
D
F7258H[VIA@A F7QA@8^
îxÉªIï ð· 4°¹*4° Í¨§¢§¢¨Åu¨ P¼ ¡)·|£¥¹¹Å7® 3·I¸#³?¬³9§7¼¹¼ ­¦U¼S¨d½µ9¨ ³+ P®G¨¢¥¹³ò  ½µ9¨¬­¨¸#³2¥¹¥·|³
D = {A→a[AB], B→b[B∗] } Æ Ê Å9¨"¥¹³2¥¹¥ |¼#¢3¨©µ ¬)·¨¢³?·Px®6 |£ P³2½½µ9¨G³? P®G¨¢UÆ Ã ³ ¹Å9¨6¢U¨¶º¶·P³+¬¢3¨©µÀ¨®G P£
B
¦¶¨º¶ |§¢¨
ε ∈ L(B∗) Æ Ã ³IÅu¨³?¨´)E¥¹©¨£ |¥·|³À¨=º¶ P³9³?·PÄ®G P£6 |³9½G·PÅu¨U£¤½µu¨³? P®G¨¢ P³?¬"Åu¨ P¼ ¡q·P£¥¹Å® ¢©·µ+¢Æ  ¥¹³+º¶¨ A ¥±¢§7³2®6 |£­¨¶¬PÂ#¥¹ ¥±¢=³9§7¼¹¼ ­¦U¼S¨Æ





















































• A@8R<Wax4D2 i = 1, 2  si Qc8T<?MI8U258RJ^VIABFD2,8vyg~I258WG5Ge>B4DH ri S">@<?Mó8R^8R25_<9_[~8UHFD\,8 U 258R~IA FD:R8WYQ&_
labelDi(U)

• A@8R< s Qc8LFT258RJ^VIABFD2O8vyg~I258WG5Ge>B4DH G?V:MP<?MF7< L(s) = L(s1) ∩ L(s2) >Öx¬<?M8~F7258RH&<5MI8WG?8WGO>BH<?M82?VIAB8WGx4^2
S1, S2
F7258 {} <?MI8WHS82?8;¯&VI>@258<?MF7< s > GXF,Ge4^2e<58WY\­VIA@<?>B~IA@> :v>@<9_AB> G9<b{A@>BwD8 s1, s2 F7258;}v
• x4D2t8WFD:M­ABFDQ8WA l 4g:R:vV2?25>@HJ->BH s AB8v< S1,l, S2,l Qc8r<5MI8a<9_&~c8¬HF7\,8;G£G?V:M<5MFp< typeD1(l, r1) = S1,l 
typeD2(l, r2) = S2,l

• A@8R< r Q8 s S">Ö<5MT8RD8W2?_]A F7Qc8RA l 258R~ABF^:v8WYQ[_ S1,l∩̇S2,l 







































S1∩̇S2 → c1| . . . |cn
aS"MI8W2?8
[[S1]]D1 ∩ [[S2]]D2 =
{c1, . . . , cn}

sI254D\ <5MI8UYg8WG5:v25>B~g<?>B4DHéFDQ4p^8LFDHY¾x254D\ 8HI>Ö<5>@4^HóiI  kè{4DxX<?MI8UYg8W2?>BpFp<5>@4^Hé258RA Fp<?>B4DH →D }­>@<x4DABAB4pSXG<?MF7<
T ∩̇U →D l[T1∩̇U1 · · ·Tn∩̇Un]
>S
T →D1 l[T1 · · ·Tn]





i = 1, . . . , n

x4D2]FDH&_














îxÉªIï ð· 4°¹*4°2 â ·P³9¢¶¥¬)¨£½µ9¨G¬­¨¸#³2¥¹¥·|³u¢UÁ
D = {A→l[B|C], B→l[A+], C→m[ ] }  P³+¬ D′ =





[[A∩̇A′]]D′′ = [[A]]D ∩ [[A′]]D′
÷­Æ
D′′ = {A∩̇A′ →
l[B∩̇A′|C∩̇C ′] Â B∩̇A′ → l[(A∩̇A′)+], C∩̇C ′ → m[ ] } ÆÄ´ |®!µ?¼S¨ 
 Æ! ­Æ 	"
































• >Öx label(T1) = label(T2) <?M8RH (T1, T2) ∈ C(T1, T2) 
• >Öx
% (T ′1, T ′2) ∈ C(T1, T2) 
% D1, D2 :R4DH&<5FD>@Hr2?8;Ge~c8W:v<?>BD8RAB_Dr2?VIAB8WG T ′1 → l[r1] F7HY T ′2 → l[r2] r4D2 T ′1 → l{r1} FDHY




% <9_[~c8HF7\,8WG T ′′1 , T ′′2 4g:R:RVI2"258WG?~8;:=<?>BD8WA@_]>BH r1, r2 IFDHY labelD1(T ′′1 ) = labelD2(T ′′2 )
<?MI8WH
(T ′′1 , T
′′


































[[T ′1]] ⊆ [[T ′2]]
F7HYL2?8R<?VI25HL<?MI8O258WG?VIA@<
8R<
T ′1 → l[r1]
FDHY
T ′2 → l[r2]
I4^2
T ′1 → l{r1}
F7HY









































(S,U), (S1, U1), . . . , (Sn, Un) ∈ C(T1, T2)
>@x
S →D1 l[S1 · · ·Sn]
<?M8RH




îxÉªIï ð· 4°¹*4°7 â ·P³9¢¶¥¬)¨£KÅu¨K¤½µu¨¬)¨¸³9¥¹¤¥·P³u¢¿¶£·P®Åu¨&Ä´ |®!µ?¼S¨ 
 Æ! )Æ 	'	 Á
D = {A→l[B|C],
B→l[A+], C→m[ ] }  P³+¬ D′ = {A′→l[A′∗|C ′], C ′→m[C ′∗] } Æ Ê ·º¶Åu¨¶º(ÀÅu¨U¹Å9¨£ [[A]]D ⊆ [[A′]]D′ Â¸#£¶¢ À¨º¶·|³u¢£§9ºUÄ¢U¨U
C(A,A′)
ÀÅ7¥ºÅ¥±¢ {(A,A′), (B,A′), (C,C ′)} Æ Ê Å9¨³¹Å9¨=¢U¨¶º¶·P³?¬µ9 P£·{¿Åu¨ P¼ ¡)·|£¥¹¹Å7® º¶Åu¨¶ºP¢¥ ¿










x4D2XF,AB8WG5G¬JD8WHI8R2F7Acx4^2?\]F7AB> Ge\4Dx<52?8W8FDVg<?4^\]Fp<5FK> G¬`3®-1af¬d9¤U`zh:v4D\,~IAB8v<58"M   + o^o8OÅ
jlk) ùKúûxzp! t+*-,/.103246587 wfs7ú:9Nýqwx©ruý
dH!<?MI> GOGe8;:=<5>@4^H0S825Ge<>BH&<?254gYgV:v8K®¤0è¯&VI8W2?_UA F7HJDVFDJD8°r±R²7³´Wµv,f¬MI8WH!S8KYI>BG5:vVG5G4DQg698;:=<5>@^8WG47x
:v4^\,~IVg<?>BHIJ,<9_[~c8WG¬47xz¯&VI8R25_258WG?VIA@<5G"F7HY~I258WG?8RH&<XF7HTF7ABJD4^2?>@<?M\
f°<;D° °r±R²7³´Wµ %  í¨R© º »tët«7¨W½ º í
°r±v²D³|´;µr> GaF2?VIAB8vhÅQF^Ge8;Y]¯^V8R25_KFDHY,<?2F7HG9x4^2?\]Fp<5>@4^H,ABFDHIJDVFDJD8¬x4^2a®¤é{|Ge8W8M ¬ZIj^i7F[7"Zgj&ipQ¡¬ZIj^i7:






















÷ ·)¯ ít½¨W½ º í f°<;D°$= ë · © ¸ ¨ · ©pï¾§  |£¨
¥¹³?¬P§9ºU¥¹»P¨U¼¾½I¬­¨¸#³?¨¶¬Z 8¢#¿·|¼¹¼S·PÀE¢UÁ
• ² ³9½"¦¶ 8¢¥º6º·|³u¢© P³9 ¥±¢ ?>U§9¨£½G©¨£®GÆ
• ² »8 |£¥ ­¦U¼S¨ X ¥±¢ ?>U§9¨£½G©¨£®GÆ
• Ã ¿ q ¥±¢ ?>U§9¨£½G©¨£®Â#Åu¨U³ desc q ¥±¢
 >§9¨U£½G©¨£®GÆ
• Ã ¿ X ¥±¢ G»P P£¥ ­¦U¼S¨G |³+¬ q ¥±¢ >§9¨U£½G3¨U£®Â#¹Å9¨³ X ; q ¥±¢ ?>U§9¨U£½G3¨U£®6Æ
• Ã ¿ l ¥±¢ x¼S ­¦¶¨U¼u P³+¬ q1 . . . qn ö n ≥ 0 ÷x P£¨@>§9¨U£½©¨£®¢¶Â+Åu¨U³ l[q1 . . . qn] Â l{q1 . . . qn} Â l[[q1 . . . qn]] P³+¬
l{{q1 . . . qn}}
 P£¨A>U§9¨£½G©¨£®¢6ö©º¶ |¼¹¼S¨¶¬254[47<?8;YB>§9¨U£½G©¨£®¢3÷|Æ
 ·P£ £··|3¨¶¬C>U§9¨£½x3¨U£®




[ ], [[ ]], {} ·P£ {{}} Â root(q) =
l
 |³+¬
q1, . . . , qn
 P£¨¹Å9¨-:M>@A YTGeVIQI<?8R25\]G·n¿
q
Æ Ã ¿ q ¥±¢
 K¦¶ 8¢¥ºº·|³u¢© P³9 ¹Å9¨³ root(q) = $ Æ
f£4>BHgx4D25\]F7ABA@_8vyg~IA F7>BHU<?M8­254DAB847xr¯&VI8W2?_<58R25\,GW¡:v4^HGe> Yg8W2F¯&VI8W2?_L<?8W2?\
q = lαq1 . . . qmβ
FDHY
FYIFp<F]<?8W2?\
d = l′α′d1 . . . dnβ′
¡S"MI8W2?8



















4D2 {} }"\,8;F7HU<5MFp< m = n F7HYU8WF^:M qi G?MI4DVABYU\]F7<5:MG?4D\,8L{|Yg>BGe<?>BH:v<}
dj
-4^VIQIAB8b~FD2?8WH^<5MI8WG?8WG-\,8WF7H<?MF7<
m ≤ n F7HY q1, . . . , qm F7258\]Fp<:MI8WYFDJ^FD>@HGe<G?4D\,8
m
<?8R25\]G4DVg<O4Dx
d1, . . . , dn





q1, . . . , qm
G?MI4DVABYU\]F7<5:M
{F]G?VIQG?8W¯&VI8WH:v84Dx5}


































θ = {X1/d1, . . . , Xn/dn }
S"MI8W2?8
X1, . . . , Xn
F7258Yg>BGe<?>BH:v<pF725> F7QIAB8WGXFDHY




> G {X1, . . . , Xn} 3>Ö<G,F7~I~IAB> :RFp<5>@4^H <?4Fé{|¯&VI8R25_I}O<58R25\ >BG,Yg8UHI8WYé>@HèFGe<5F7HYIF72YS¬F_D












º¶·P³?¬P¥¹¤¥·P³èÅu·|¼S¬8¢UÆ ö Ã ³NÀÅu |#¿·P¼¹¼S·|ÀE¢ m,n ≥ 0 Â X ¥±¢Q  »P P£¥ )¦¼¨Â l ¥±¢K ¼S ­¦¶¨U¼ Â q, q1, . . .  |£¨N>§9¨U£½©¨£®¢¶Â P³?¬
d, d1, . . .
¬) P© "©¨U£®¢(O¢U¨U ³?·P© P¤¥·P³d¥±¢
§¢U¨¬x¿·P£®§7¼V¥±¢U¨U¢¶Â2¿·|£

















i = 1, . . . , n
l[[q1 · · · qm]] l[d1 · · · dn]
x4D2XG?4D\,8OG?VIQG?8W¯&VI8RH:v8
di1 , . . . , dim
47x
d1, . . . , dn{> 8D









j = 1, . . . ,m

l{q1 · · · qn} l{d1 · · · dn}
x4D2XG?4D\,8~c8R25\bVg<Fp<?>B4DH
di1 , . . . , din
4Dx
d1, . . . , dn4^2 {> 8D {di1 , . . . , din} = {d1, . . . , dn} }





j = 1, . . . ,m

l{{q1 · · · qm}} l{d1 · · · dn}






l[d1 · · · dn]
x4D2"8;FD:M
j = 1, . . . ,m

X d θX = d
















































X ; desc q\]Fp<:MH4,YFp<5F­<58R25\~I2?4p[> Yg8WY<?MF7<
q 6= X FDHY q > G¬HI47<X4Dx<5MI8x4D25\ desc · · · desc X 
îxÉªIï ð· 4°;f°QP §9¨U£½ ©¨U£®
q1 = a[ c{{d[ ] ”e”}} f [[g[ ]h{”i”}]] ]
®6 |3º¶Åu¨¢ ¬) P©  ©¨£®¢
a[ c{”e” d[ ] g[ ]} f [g[ ] l[ ]h[”i”] ] ]  P³?¬ a[ c[d[ ] g[ ] ”e”] f [g[ ]h[”i”] ] ] Æ Ã ³ º·|³9¤£ 8¢Â ¬­ |3  ©¨U£®¢
f [h[”i”] g[ ] ]
 |³+¬
f{g[ ]h[”i”]}  P£¨³?·P®6 |3º¶Åu¨¶¬Q¦U½ f [[g[ ]h{”i”}]] Æ P §9¨U£½G©¨£® q2 = desc w{{}}®G P©ºÅ9¨¢¬) P© "©¨U£®¢
a[b{w[ ]}]  P³?¬ w{”s”} Æ P §9¨U£½G©¨£® q2 = a[[X1;c[[d{}]]X2 ”p” ]] ®6 |3º¶Åu¨¢





















÷ ·)¯ ít½¨W½ º í f°<;D°$ò² « º í£§W¨R©pët«7¨ (5ñ ë · © ¸ ©ë ð· ö¤¢nÅ9·P£¤¼¾½8Â¯&VI8R25_]25VIA@8Z·|£"¯^V8R25_)÷¥±¢= |³¨´µ?£¨¢¶¢¥·P³d·{¿
Åu¨¿·P£®















¥±¢  © · §;ë ð ¨ ¿·|£S>§9¨U£½
t← q  |³+¬ d Æ
`rF^:Mé258WG?VIAÖ<,47xF!¯&VI8W2?_ 25VIAB8L> G,F!YIF7<5F0<?8W2?\TrF^GKFDHFDHGeS8R2­x4D2]FP¯&VI8R25_P<?8R25\ QI>BHYIG,FDA@A<?M8
pF725>BFDQIAB8WG¬47x£<?MI8O25VIAB8<?4YIF7<5F­<?8W2?\]GW
îxÉªIï ð· 4°;f°¹ â ·|³u¢¥¬­¨U£ K¬­ P© ­¦¶ P¢¨0Á
catalogue[ cd[ title[ T ®µ+¥¹£¨U§7£¼S¨¢V>§9¨ T ] artist[ T ·)¦ ã ½P¼S |³ T ] year[ T 	'W'X  T ] ]
cd[ title[ TZY ¥¬­¨
½­·P§7£xÅu¨¶ |£ T ] artist[ T x·P³9³2¥¨ Ê ½P¼S¨U£ T ] year[ T 	"W1X'X T ] ]
cd[ title[ T[ 3·¶µ T ] artist[ T\  |®]!£·PÀÄ³ T ] year[ T 	"W'X1X T ] ] ]
Y ¨U£¨Q¥±¢ d£§7¼S¨QÀÅ7¥ºÅÎ¨´)¤£ ­ºU¢I¥¹¤¼S¨¢Q P³?¬ P£¤¥±¢¢¿·P£Q¹Å9¨ âfãE^ ¢Q¥±¢¶¢§9¨¬d¥¹³ 	'W'X1X  P³?¬Iµ+£¨¢U¨³2¢Åu¨Z£¨¢§7¼¾¢¥¹³N  º¶Åu P³¡)¨¶¬¿·P£® ö¤¤¥¹¤¼S¨Z P¢³? P®G¨I |³+¬ |£¥±¢ P¢Z P§7Åu·P£3÷­Æ Ê Ã Ê Í_ |³+¬ ²`
Ê Ã( Ê  P£¨»P P£¥ ­¦U¼S¨¢UÆ
result [ name[TITLE ] author [ARTIST ] ] ←
catalogue{{ cd{title[TITLE ] artist [ARTIST ] year [ T 	"W1X'X T ] }}}
Ê Åu¨£¨¢§7¼¾¢£¨U§7£³?¨¶¬"¦½GÅu¨£§7¼S¨ P£¨0Á
result [ name[ TZY ¥¬­¨½­·P§7£xÅ9¨ |£ T ] author [ T ·|³9³9¥¨ Ê ½P¼S¨U£ T ] ]
result [ name[ T[ 3·¶µ T ] author [ T[  P®a£·PÀÄ³ T ] ]




























\]F_:v4^HGe> Yg8W2G?~8;:v>S:RF7<?>B4DHG4Dx<?M8-<9_[~c8WG¬47x<?MI8O¯&VI8R25_]pF725>BFDQIAB8WGWt ¯&VI8R25_,>BG":R4D252?8;:=<SO 2; <;gGeV:MF
G?~8;:v>S:RF7<?>B4DH>Öxx4D2"8WD8W2?_]pF725> F7QIAB8-<5MI8:v4^\,~IVg<?8;YL<9_&~c8O> G"FKG?VIQG?8v<X4Dx<5MI8Ge~c8W:R>V8WYL<9_[~8^
îxÉªIï ð· 4°;f°±$ â ·|³u¢¥¬­¨U£¹Å9¨½µ9¨¬­¨¸#³2¥¹¥·|³
D
¿¶£·P®cÄ´ |®!µ?¼S¨ 




result [ name[TITLE ] author [ARTIST ] ]←
cd{{TITLE ARTIST;artist{{}} T £·0º  }}
;
Ê Åu¨K¥¹³23¨U³9¤¥·P³·{¿Z¹Å9¨K£§7¼S¨I¥±¢Z3·dº¶·P¼¹¼S¨¶ºU=¥¹¤¼S¨¢I P³?¬d |§7¹Å9·P£¶¢K·n¿I |¼¹¼ Åu¨ âfãf^ ¢I·{¿I¹Å9¨Z£·º(º¶ P©¨gd
¡q·P£½­ÆhGÅ9¨³Åu¨f>§9¨U£½d3¨U£® ·{¿KÅu¨Q£§7¼S¨¥±¢I®G P©ºÅ9¨¬  U¡q P¥¹³u¢  ¬­ P© ­¦¶ P¢¨·{¿I½µ9¨ â ¬PÂ¹Å9¨Q»P P£¥!d
 ­¦U¼S¨¢ Ê Ã Ê Í_ Â ²i`
Ê Ã( Ê  P£¨I¦¶·P§7³?¬©·¬­ |3 3¨U£®¢G·n¿6½µ9¨¢¶Â£¨¢¤µ9¨¶º¤¥¹»8¨U¼¾½8Â Ê ¥¹¤¼S¨Â ² £¤¥±¢x·P£ ² £¤¥±¢Â² £¤¥±¢¶©Æ ² ¢GÅu¨I»P P£¥ ­¦U¼S¨ Ê Ã Ê Íj¥±¢"¥¹³23¨U³+¬)¨¬ ©·© k)¨Z»P P¼V§9¨¢I·|³9¼¾½·n¿G¤½µu¨ Ê ¥¹¼¨Â¹Å9¨>U§9¨U£½¥±¢"¥¹³3dº¶·P££¨¶ºUÀÆ£UÆ©Æ
·|§7£ ¨´µ9¨ºU© P¤¥·P³u¢UÆ Ê Åu¨¤½µu¨ ` ¨¢§7¼¾·n¿Åu¨8>§9¨U£½£¨¢¶§7¼Vº¶ P³ò¦¨d¬­¨¢Uº£¥¦¶¨¶¬ ¦½Åu¨
¿·P¼¹¼·PÀÄ¥¹³q¡½µ9¨G¬­¨¸#³2¥¹¥·|³







m : V → E [S"MI8R258 V > G3<5MI8G?8v<¬47xpFD2?> F7QIAB8WGr4g:R:vV2?25>@HJ>@H<?MI8:v4^HG?>BYg8W2?8;Y¯&VI8R25_K2?VIAB8F7HY E >BGF­G?8v<47xa8vyg~I258WG5Ge>B4DHGW E :v4DH&<F7>BHG-jt^c<?MI8­<9_[~8KHF7\,8;GXx254D\ D FDHYU8vyg~I258WG5G?>@4^HGX4Dx3<?MI8­x4D25\ T1 ∩ T2 S"MI8W2?8
T1, T2 ∈ E
¬`rFD:MT8Ry[~2?8;G?G?>@4^H
E
x2?4^\ E Yg8RH47<?8;GXFG?8v< [[E]] 47x3YIF7<5FK<58R25\,GW [[1]] Yg8WHI47<58WG¬<5MI8G?8v<4Dx3F7ABA£YIF7<5F,<58R25\,GW
[[0]] = ∅  [[T ]] = [[T ]]D x4D2F7H[_<9_[~c8HFD\K8 T FDHY [[T1 ∩ T2]] = [[T1]] ∩ [[T2]] f¬MI8G?8v<X4DxtG?VIQGe<?>@<?Vg<5>@4^HGX:v4^2?258WG?~c4DHYg>BHIJb<?4FK\]F7~I~I>BHIJ
m : V → E > G
substitutionsD(m) = { θ | ∀X∈V θX ∈ [[m(X)]] }.{|Zg4]>Öx
θ ∈ substitutionsD(m)
<?M8RH
V ⊆ dom(θ) F7HY>@x θ ⊆ θ′ <?MI8WH θ′ ∈ substitutionsD(m)  }NP8,YI8HI8 ⊥,> : V → E Q[_ ⊥(X) = 0 FDHY >(X) = 1 x4D2O8WD8R25_ X ∈ V Ks4D2 Y1, . . . , Yk ∈
V, T1, . . . , Tk ∈ E
I\]F7~I~>@HIJ
[Y1 7→ T1, . . . , Yk 7→ Tk] : V → E
> GXYg8HI8WYFDG








T ∩ 1 FDHY T 3FDHY Qc8v<9S8R8WH T ∩ 0 F7HY 0 {S"MI8W2?8
T ∈ E }v3sI4^2XF7H[_ m1,m2 : V → E Sa8>BH^<52?4gYgV:v8 m1∩m2 : V → E G?V:M<5MFp<
(m1 ∩m2)(X) = m1(X) ∩m2(X).
uX4D<?> :v8<5MFp<
m ∩ ⊥ = ⊥ FDHY m ∩ > = m x4D2XF7H[_ m : V → E sI4^2"Fb~FD2e<5>B:RVIA F72¬¯^V8R25_,<?8R25\<?M8R258\]F_]Qc8\,FDH[_]~4&G?G?>@QA@8FDG5Ge>BJDH\K8WH&<5Ga47x<9_[~c8WGx4D2¬pF725> F7QIAB8WGW
f¬MF7<X>BG¬S"M[_S8S">@ABAVG?8OGe8R<5G¬4Dxt\]F7~~I>@HJ^Gx254D\
V → E 3s4D2XG?V:MTGe8R<5G M1 FDHY M2 Sa8OYg8UHI8^C
M1 uM2 = {m1 ∩m2 | m1 ∈M1,m2 ∈M2}
M1 tM2 = M1 ∪M2
X8WH:v8
M u {⊥} = {⊥}  M u {>} = M x4^2OF7H[_Ge8R<4Dxr\]F7~I~>@HIJ&G M ONP8,S">@ABAHI47<Yg> Ge<?>BHIJDVI> G?MQc8v<9S8R8RH
M t {⊥} FDHY M F7HYLQ8R<9Sa8W8RH M t {>} F7HY {>} 








restrict m language f¬MI8]>BHI~IVg<­x4D2



























• >Öx αβ F7258OGe>BHIJ^A@84D2XYI4DVIQIAB8QI2FD:wD8R<5GWgF7HY<?MI8O25VIAB8x4D2 T >@H D :v4^H^<F7>BHGQI2FD:v8;G<?MI8WH L′ = ∅ 
• >Öx αβ F7258G?>@HIJ^A@8QI2FD:w^8v<5GW^FDHY]<5MI82?VA@8x4D2 T >BH D :v4^H^<F7>BHGaQI25F^:wD8R<5Gz<5MI8RH T1 · · ·Tn ∈ L(r) 
• >Öx αβ F7258KYI4DVIQIAB8,QI2FD:wD8R<5GWF7HY<?MI8]25VIAB8bx4^2 T >BH D :v4^H&<5F7>BHGQI2FD:w^8v<5G<5MI8RH T1 · · ·Tn > GOFGeVIQGe8;¯^V8RH:R84DxtF]Ge<?25>@HJbx254D\
L(r)

• >Öx αβ F7258OGe>BHIJ^A@8QI2FD:R8WGa<?MI8WHUF,~8W2?\­Vg<5F7<?>B4DH47x T1 · · ·Tn Qc8RAB4DHIJ&G<?4 L(r) 
• >Öx αβ FD2?8!Yg4DVIQA@8PQI2FD:v8;G]<5MI8RH F¾~c8R25\bVg<Fp<?>B4DH 47x T1 · · ·Tn > GFG?VIQG?8W¯&VI8WH:v8!47xbFéGe<?25>BHIJx2?4^\
L(r)

T1 · · ·Tn ∈ L′
\,8WFDHG<5MFp<UF7~~IA@_[>BHIJ¯&VI8W2?_









i = 1, . . . , n
}v















T → l{r} F7HY (αβ = [ ] 4^2 αβ = [[ ]]) f"X`ru258v<5VI2?H ∅d9s
αβ = [ ]
f"X`ru 2?8R<?VI25H
L(r) ∩ L(rS)d9s
αβ = [[ ]]
f"X`ru 258v<5VI2?H
L(s) ∩ L(rS)d9s
αβ = {} f"X`ru 258v<5VI25H perm(L(r)) ∩ L(rS)d9s





































U1 · · ·Uk
Qc8













U1, . . . , Uk
>BHFDHF725QI>Ö<525FD2?_b4D2Yg8R2;tf£4bYg4<?MF7<
S8:WF7H¾VG?8TF0Ge<5F7HYIF72Y¾F7ABJD4^2?>@<?M\õ8^ J£Q2?8;FDY[<5M 2G9<]G?8WF72:MsI4^2­8;FD:MéG?V:Mé~Fp<?M:v4DHGe> Yg8R2­<?M8






S′1 · · ·S′n
pS"MI8W2?8
S′1 · · ·S′n
> G4^Qg<5FD>@H8WYx254D\








[x4D2¬Ge4^\,8 {V1, . . . , Vn−k} ∈W "{|Zg4bx4^2a8;FD:M\­VIAÖ<5>BG?8v<
{V1, . . . , Vn−k} ∈W
FDHY8;FD:ML~8W2?\­Vg<5F7<?>B4DH




V1, . . . , Vn−k
<?MI8W2?88vyg> G9<Ga4^HI8Ge<?25>BHIJ
47x<?MI8x4D25\ · · ·V ′1 · · ·V ′n−k · · · >@H perm(L(r)) ∩L(rS) 3Z[V:MLGe<?25>BHIJ^Grx4D2¬FbJ^>@^8RH {V1, . . . , Vn−k} ∈
W
:WF7HéQc8UYg8WG5:v25>BQ8;Y Q[_¾F!sg S">@<?M
O(k · 2n−k) G9<Fp<58WGWzS"MI8R258L8;FD:MéGe<5F7<?82?8;:v4^25YIG<?MI8UG?8v<,47x<?M8F7AB258WFDYI_­:v4^HG?VI\,8WY]G?_&\­Q4^ABGzx2?4^\ {V1, . . . , Vn−k} FDHYK<?MI8-H&V\bQc8R2r4Dx:v4^HGeV\K8;Y]Ge_[\­Q4^ABGx254D\























258v<5VI2?H {[X 7→ T ]}d9s
q
> G"4Dx<?M8x4D25\


























f"X`ru 258v<5VI2?H {>} `r£Zg`%2?8R<?VI25H ∅A@8R<







DA@8R< {S1, . . . , Sm} Qc8<?MI8G?8v< types(r)A@8R<
rAll
Q8O258RJ^VIA F72<9_[~8O8Ry[~2?8;G?G?>@4^H
S1| . . . |SmA@8R<
rS
Qc8O2?8WJDVIA F72<9_[~c88Ryg~I2?8;G?G?>B4DH












2?8R<?VI25H {m1 ∩ . . . ∩mn | T1 . . . Tn ∈ restrict m language(rS, αβ, T ) 
m1 ∈ match(q1, T1), . . . ,mn ∈ match(qn, Tn) }uX4D<?> :v8"<5MFp<a8WFD:M,\]F7~~I>@HJ












m(X) = T1 ∩ T2
S"MI8R258


















m∈match(q,T ) substitutionsD(m). Ã ¿ θ ¥±¢x P³ P³9¢À¨£¿·P£
q
 P³?¬K Q¬) P© K3¨U£®
d ∈ [[T ]]D
Åu¨U³
θ ∈ S Æ Ã ¿ q ¬)·¨¢³+·|!º·|³9© P¥¹³ ; Åu¨U³¨¶ ­º¶Å θ ∈ S¥±¢ P³ P³u¢À¨U£#¿·P£
q
 |³+¬G¢·|®6¨
d ∈ [[T ]] Æ
f¬MI8]pF7ABVI8;GO47x<?MI8\,FD~I~I>BHIJ^Gx254D\
M = match(q, T )
\]F_Qc88vyg~I258WG5G?>@4^HG47x<?MI8,x4^2?\
T1 ∩








T1 ∩ . . . ∩ Tn
∣∣∣∣























[[TE ]]DM = [[E]]
¤U4^2?8W4pD8R2;























l{{q1 · · · qn}}
F7HY,<?MI8H[VI\­Q8W2a4DxVIHI254[47<?8;Y
¯&VI8R25_L<?8R25\]GFD\,4DHIJ








îxÉªIï ð· 4°;f°: â ·|³u¢¥¬­¨U£I Q¤½µu¨K¬­¨¸#³2¥¹¥·|³
D = {T → l{T1 T ∗2 }, T1 → a[#], T2 → b[#]}
 P³+¬
 n>§9¨U£½3¨U£®
q = l{{X;b[′′s′′] Y }} Æo¨¨´¨¶ºU§73¨ match(q, T ) Æ Ã ³Åu¨¸#£¶¢£§7³ ·n¿Q¹Å9¨6µ?£·Kdº¶¨¶¬P§7£¨dÀ¨ º¶ |¼¹¼E¿¶§7³?º¤¥·P³
restrict p language((T1|T2)(T1|T2), {{}}, T ) ÀÅ7¥ºÅò£¨¤§7£³u¢ N¼ P³q¡­§9 U¡q¨








 P³+¬I·­¦U3 |¥¹³ {[Y → T1]}
• match(X;b[′′s′′], T2)
 P³?¬Z·­¦U© P¥¹³ {[X → T2]}
• match(Y, T2)














Æ Ã ³¿ ­ºU X º¶ P³¦¶¨¦¶·P§7³?¬Z·|³9¼¾½G©·6¢§9º¶Å¬­ |3 Z3¨U£®¢=·n¿ T2 ÀÅ¥º¶ÅQÅu P»P¨ ′′s′′ ¥¹³9¢¥¬­¨0Æ













































• h(L′) ⊆ L(r)
pn
• x4D2"8WF^:M w ∈ L′ FDHYLx4D2"8;FD:M i = 1, . . . , n <?MI8W2?8O> G¬8vyIF^:=<?AB_4^HI8OGe_[\bQc4DA Uij >BH w
• % >@x αβ = [ ] <?MI8WH
L′
:v4DH&<F7>BHG¬4DHIAB_S4D2YIG47x£<?MI8x4^2?\
U1j1 · · ·Unjn
{
ji ∈ {1, . . . ,m}
}v
% >@x αβ = { } <?M8RH
L′
:v4DH&<F7>BHG¬4DHIAB_~c8R25\bVg<Fp<5>@4^HG¬47xtSa4^25YIG4Dx£<5MI8x4D25\
U1j1 · · ·Unjn
{
ji ∈ {1, . . . ,m}
}v
% >@x αβ = [[ ]] <?M8RH8WD8R25_]S4D2Y47x
L′
MFDG"F,GeVQGe8;¯&VI8RH:R847xt<?MI8x4^2?\
U1j1 · · ·Unjn

% >@x αβ = {{}} <5MI8RH8WD8R25_Sa4^25YU4Dx
L′
MF^GFG?VIQghGe8;¯^V8RH:R8bS"MI> :M0> GFL~c8R25\bVg<Fp<?>B4DH!47xrFLSa4^25Y47x3<5MI8bx4^2?\
U1j1 · · ·Unjn

restrict m languageE (r, n, αβ) :A@8R<
rAll
Q8<5MI8O258RJDVABFD28Ryg~I2?8;G?G?>B4DH
T1| . . . |Tm







Ti|U1i| . . . |UniA@8R<
s
Q8<5MI8O258RJDVABFD28Ryg~I2?8;G?G?>B4DH
(U11| . . . |U1m) . . . (Un1| . . . |Unm)A@8R<
s′
Qc8<?M8O2?8WJDVIA F72¬8vyg~I258WG5G?>@4^H
r∗All(U11| . . . |U1m)r∗All . . . r∗All(Un1| . . . |Unm)r∗Alld9s
αβ = [ ]
f"X`ru 2?8R<?VI25H
L(r′) ∩ L(s)d9s
αβ = [[ ]]
f"X`ru 258v<5VI2?H
L(r′) ∩ L(s′)d9s
αβ = {} f"X`ru 258v<5VI25H L(r′) ∩ perm(L(s))d9s


















r∗All(U11| . . . |U1m)r∗All . . . r∗All(Un1| . . . |Unm)r∗All
 f¬MI8TGe<5Fp<58WG­47x"<5MI8FDVg<?4^\]Fp<?4^HéYg8UHI>BHIJ
perm(L(s′))
F7258G?VIQG?8v<G¬47x {1, . . . , n} &<5MI8R258O>BG"FDABG?4,F­J&F725QF7J^8Ge<5F7<?8Z¨U££·P£=3f¬MI8FDVg<?4^\]Fp<?4^H> G¬>@HFOGe<5Fp<58
S ⊆ {1, . . . , n} S"MI8WH S > G<?M8XGe8R<347x>@HYI>B:R8WG i 4Dx<5MI4^G?8XG?_&\­Q4^ABG Uij <5MFp<3MFD8¬Q8W8RH]F7AB258WFDYI_258WFDYXf¬MI8>BHI>Ö<5>BFDAtGe<5F7<?84Dx<?MI8KF7Vg<54D\]Fp<54DHT>BG ∅ F7HY<?MI8HF7AtG9<Fp<58b> G {1, . . . , n} "dÅxrFGe_[\bQc4DA Uij> G"2?8;FDY>@HUF,G9<Fp<58
S
<5MI8RHC
• >Öx i ∈ S <5MI8RH<?M8OHI8vy[<-Ge<5Fp<58O>BG
¨U££·|£=
• 47<?M8R25S">BG?8S8O\,4pD8<?4Ge<5F7<?8 S ∪ {i} 










































































define(U → ...) FDYIYIG"FK25VIAB8 U → ... <54,<?MI8<9_[~c8OYg8H>Ö<5>@4^HF7HY<5MFp< U >BG"FKHI8WS/<9_[~c8HF7\,8DHI47<4g:R:RVI2?25>BHIJ­8WABG?8RS"M8R258D























T → l[r]A@8R< {T1, . . . , Tm} = types(r)A@8R<
r′
Q8FK258RJ^VIABFD2¬8vyg~I258WG5Ge>B4DHGeV:ML<?MFp<
L(r′) = restrict m languageE(r, 1, {{}})2?8R<?VI25H
matchE(q
′, T ) ∪ { (mj , U) | j ∈ {1, . . . ,m}, (mj , T1j) ∈ matchE(q, Tj)

define(U → lα′r′′β′) IS"MI8W2?8 r′′ > G r′ S">@<?M<?MI8<9_[~c8OHF7\,8 U1j 2?8W~IABF^:v8;YQ[_ T1j F7HYL8WF^:M
U1k
S"MI8R258






T1(l1 : u1) · · ·Tm(lm : um){S8\,F_LFDG5GeVI\,8<?MFp<
uj > 0
[x4D2




′, T ) ∪
{ (mj , U) | j ∈ {1, . . . ,m}, (mj , Uj) ∈ matchE(q, Tj),
define(U → l{r′′}) IS"M8R258 r′′ >BG"FK\bVAÖ<5>@~IAB> :v>@<9_AB>BGe<












define(T ′ → c)2?8R<?VI25H {(>, T ′)}`rtZ[`ó2?8R<?VI25H ∅A@8R<





T → l[r] f"X`ruAB8v< {T1, . . . , Tm} = types(r)AB8v<
r′
Qc8FK2?8WJDVIA F72¬8vyg~I258WG5G?>@4^HLG?V:M<5MFp<
L(r′) = restrict m languageE(r, n, αβ)258v<5VI2?H { (m1j1 ∩ . . . ∩mnjn , U) | x4D2"8WF^:M i = 1, . . . , n, ji ∈ {1, . . . ,m},
(miji , Tiji) ∈ matchE(qi, Tji),
define(U → l[r′′]) IS"MI8W2?8 r′′ > G r′ S">@<?M<5MI8<9_[~8HFD\K8;G
U1j1 , . . . , Unjn
258R~IA FD:R8WYS">Ö<5M
T1j1 , . . . , Tnjn
F7HY
FDA@A<9_[~c8OHF7\,8WG
Ukl (k = 1, . . . , n, l = 1 . . .m)
4D<?MI8W2¬<?MFDH






T → l{r} f"X`aud9s
αβ = [ ]
4D2
αβ = [[ ]]
f"X`ru
2?8R<?VI25H ∅d9s
αβ = {} f"-`ru2?8R<?VI25H { (m1j1 ∩ . . . ∩mnjn , U) | x4^2"8WFD:M i = 1, . . . , n, ji ∈ {1, . . . ,m},
(miji , Uiji) ∈ matchE(qi, Tji)

Tj1 . . . Tjn ∈ perm(L(r))

define(U → l{U1j1 . . . Unjn })}d9s
αβ = {{}} f"-`ruA@8R<
r
Qc8FK\bVIA@<?>B~IAB>B:R>Ö<9_LA@> G9<
T1(l1 : u1) . . . Tm(lm : um)2?8R<?VI25H { (m1j1 ∩ . . . ∩mnjn , U) | x4^2"8WFD:M i = 1, . . . , n, ji ∈ {1, . . . ,m},












define(U → l{r′′}) IS"MI8R258 r′′ > G"F­\­VIA@<?>B~IA@> :v>@<9_AB> G9<
U1j1 . . . UnjnT1(max(l1 − y1, 0) : u1 − y1) . . . Tm(max(lm − ym, 0) : um − ym)
È
f¬MI8FDA@J^4D25>Ö<5MI\MFDG<5MI8x4DABAB4pS">@HIJK~I254D~c8R2?<9_D
% © º  º §;½¨;½ º í f°<;D°± Ã ¿ θ ¥±¢ |³ò |³u¢À¨£¿·P£ r>U§9¨£½ 3¨U£® q  P³+¬N  ¬­ |3 è©¨£® d ∈ [[T ]] ¹Å9¨³Åu¨U£¨¨´)¥±¢¢
















îxÉªIï ð· 4°;f°¹* ` ¨¶º¶ P¼¹¼¨´ P®µ+¼¨ 
 Æs|Æ  Æt6¨ º¶·P³9¢¶¥¬)¨£¨¬ ¹Å9¨£¨  ¤½µ9¨ ¬­¨¸#³2¥¹¥·|³
D = {T →
l{T1 T ∗2 }, T1 → a[#], T2 → b[#] }
 |³+¬  Q>U§9¨U£½ 3¨U£®
q = l{{X;b[”s”] Y }} Æ ¨ ¨´q¨¶ºU§73¨
matchE(q, T )




















¥¹®!µ?¼¾¥¨¢ [[U11]] = ∅ ÷8Â
• matchE(q2, T1)
Â  |³+¬Z·)¦© P¥¹³ {([Y 7→T1], T1)} Â#ÀÅ7¥ºÅ®6¨¶ |³u¢ U21 = T1 Â
• matchE(q1, T2)












º¶·P³9¢¶¥¬)¨£¥¹³¡QÅu¨¢U¨!·n¿µ9 P¥¹£¶¢ {U11, U21; U11, U22; U12, U21; U12, U22 } Æ Ê Å9¨xµ9 P¥¹£¶¢º¶·P³23 |¥¹³9¥¹³¡ U11º¶ P³ ¦¨G¢P¥ µ)µu¨¶¬8Â
 8¢
[[U11]] = ∅




•  ·|£¹Å9¨6µ9 P¥¹£ U12, U21 Â y1 = 1, y2 = 1  |³+¬ À¨º¶·P³9¢£§9ºU ³?¨À®§7¼¾¤¥ µ+¼¾¥ºU¥¹¤½ ¼¾¥±¢ r′′ =











U ′′1 → l{T1U12T ∗2 }
Æ
iDj





r′′ = U12T2T1(1 : 1)T2(0 :∞) = U12T1 T+2
Æv»8¨U³9¤§9 P¼¹¼V½À¨
·­¦U3 |¥¹³d G£§7¼¨
U ′′2 → l{T1U12T+2 }
Æ
² ¢   £¨¢¶§7¼V ¿·|£
matchE(q, T )
À¨ ¡q¨U  ¢U¨`·{¿ µu |¥¹£¶¢ { ([X→U12, Y→T1], U ′′1 ),
([X→U12, Y→T2], U ′′2 ) }
 |³+¬  ³?¨À ¤½µu¨è¬­¨¸#³9¥¹¤¥·P³
D′ = D ∪ {U12 → b[#1], #1 → ”s”,
U ′′1 → l{T1U12T ∗2 }, U ′′2 → l{T1U12T+2 } }
Æ






















































rules(t,m) = {Tc → c | c
> G"F,QF^Ge> ::v4DHG9<F7H&<¬FDHYTF,GeVIQI<?8R25\4Dx
t }





































m ∈ match(q, T ) :R4D\,~IAB8v<?8;G"4DV2XF7ABJD4D25>@<?MI\T3f¬MI8OVIH>@4^H R 47x<?M8Ge8R<5G
[[Tt]]D∪rules(t,m)
:v4DH&<F7>BHGF7ABA<?MI8,258WG?VIAÖ<Gx4D2¯&VI8R25_






























lαt1 · · · tnβ
3sI4D2¬8;FD:M














m ∈ match(q, T ) sI4^2¬<?MI8<9_[~c8Yg8HI>Ö<5>@4^H














îxÉªIï ð· 4°;f°; â ·|³u¢¥¬­¨U£ò¹Å9¨ ½µ9¨
Cd
¿¶£·|®£Ä´ P®µ+¼¨ 
 Æ  Æ 	  P³?¬ ¹Å9¨ º¶·P³u¢¤£§9ºde>U§9¨£½ £§7¼¨
Q
¿¶£·P®¤Ä´ P®µ+¼S¨ 
 Æs­Æ  Æ ¨ À P³9 3· §¢U¨òÅu¨  |¼ ¡q·P£¥¹Å®;·{¿  ¨¶º¤¥·P³ 




Æ  ¥¹£¶¢¶Â À¨º¶ |¼¹¼
match(cd{{TITLE ARTIST;artist{{}} T £·0º T }},Cd) ÀÅ¥º¶Å-£¨¢¶§7¼V¢ ¥¹³ ¢U¨·{¿®6 ¶µ­µ?¥¹³q¡|¢
{ [TITLE → Artist ,ARTIST → Artist ], [TITLE → Title,ARTIST → Artist ] } Æ Ê Åu¨U³uÂ2¿·|£¨¶ ­º¶Å·­¦U© P¥¹³+¨¶¬ ®6 ¶µ­µ?¥¹³q¡À¨Iº¶·|³u¢£§9ºU ³+¨UÀ ½µ9¨K¬­¨¸#³9¥¹¤¥·P³  8¢Z¬­¨¢Uº£¥¦¶¨¶¬d ­¦¶·P»P¨Æ  ¥¹³? P¼¹¼¾½8ÂÀ¨¡q¨U¤À·
¤½µu¨¬­¨¸#³2¥¹¥·|³u¢UÁ
D ′ = D ∪ {Result→ result [Name Author ], Name→name[Artist ], Author→ author [Artist ]},






 Æs|Æ  Æ


























































îxÉªIï ð· 4°;f°!¦ â ·|³u¢¥¬­¨U£AÄ´ P®µ+¼¨ 




R = [[Result]]D′∪[[Result]]D′′·­¦U© P¥¹³+¨¶¬¥¹³&Ä´ P®µ+¼S¨ 
 Æs|Æs¥±¢!³+·|# =¢§9¦¢¨UÄ·{¿
[[Result]]D′′
Æ=ö Ê Åu¨= P¼ ¡)·|£¥¹¹Å7®·{¿  ¨¶º¤¥·P³ 
 Æ! )Æ  ¢nÅ9·PÀE¢Åu P
[[Result]]D′ 6⊆ [[Result]]D′′



























































£¨UÀÄ£¥¹3¨Vdn¦¶ 8¢U¨¶¬TA F7HIJ^VF7J^8WGM ¤!¤j^i8O{e¹}º »¼IM f¬MI8;j7k&YqO½§»q5K¾^²GM f¬MI8;j7k&:¶O}¿ÁÀ?16ÂÀ Ãl1 M f¬MI8WjDk^F0OÅ ÄÅÇÆ ∗M stuoDm'4DJ&j7k8OÅ"RW5}=U-AÖ<5MI4DVIJ^M <?M8WG?8ABFDHIJDVF7JD8;GOF7258AB8WG5GOVG?8WY<5MF7H 4^Qg698W:v<ehÅ4D25>@8WH^<58WYPA F7HIJ^VF7J^8WG
{ZÆ»ÈK»























Ge<?VYg>B8WYTF  F7A :vVA@VGX47x  4^HGe<?25V:=<5>@4^HG¬8RHIMF7H:R8WYLS">Ö<5M258RS"25>@<?>BHIJ­AB4DJ^>B:M Z&<?8;j^i0OÅ
f¬MI8 ` ¨UÀÄ£¥¹¥¹³¡"dnº¶ P¼º§7¼¾§¢"M  OjRQ¡  DN)jDkPO>BGF]x4DVHYIFp<5>@4^HF7Ax25FD\,8RS4D25w>BH^<58RJ^25F7<?>BHIJ]\]Fp<5:MIh
>BHIJp258RS"25>Ö<5>@HJF7HYOxVIH:v<?>B4DHG>BH­F-VIHI>@x4D25\SF_^dÅ<GtFDQGe<?2FD:=<5>@4^H\,8W:MFDHI> Ge\ > G£QFDG?8WYO4^H<?M8a258RS"25>Ö<58
25VIA@8x4^2?\]F7<?>B4DHC>BHFK<58R25\47xt<?MI8x4^2?\
P _ A I4DHI8OFDQG9<525F^:=<Ga4p^8R2<?M8O~Fp<?<?8R25H P dÅxzF7HUF7QGe<?2FD:v<?>B4DH























:RFDHQc8Z¥¹®µ+¼¾¥ºU¥¹F^GX>BHE¿ÁÀ?16ÂÀ Ãl1 M gxOoDm8OÅE¼S·0º |¼rFDG->@HÒÄUÅÇÆ ∗ FDHYB½A»q5¾^²Dc4D2§¢U¨£6¬­¨¸#³+¨¶¬UF^GX>BH¹}º »¼FDHYN½§»q5K¾D²M  ¤j^i8O13258R[>B4DVG~FD~8W25G!M  >B25j^j[  O£jIWF[  DN)jDkPOG?MI4pSa8;Y<5MFp<r<?MI8XE"8WS"2?>@<?>BHIJDh
:RFDAB:RVIABVG­:WF7H¾Qc8VGe8;Y¾FDGKF0:R4D2588RHJD>BHI8L:WF7A :vVIABVGbx4D2K2?8WS"2?>@<?8RhQF^Ge8;YPABFDHIJDVFDJD8;GbG?V:MéFDG¹}º »¼TFDHY
½A»q5¾^²D










DB = catalogue[ cd[ title[ Ó `3\,~I>B2?8VI25A@8;G?¯&VI8 Ó ] artist[ Ó 4DQ-_[A F7H Ó ] year[ Ó Wo^¢^l Ó ] ]
cd[ title[ Ó X> Yg8_D4DV2"MI8WFD2e< Ó ] artist[ Ó 4DHHI>@8fr_[AB8R2 Ó ] year[ Ó ;oD¢^¢ Ó ] ]
cd[ title[ Ó Z&<?4^~ Ó ] artist[ Ó ZIF7\254pS"H Ó ] year[ Ó Wo^¢D¢ Ó ] ] ]25VIAB8]8vy[<?2FD:v<?>BHIJT<?>@<?AB8WG­F7HY FD2e<5>BGe<5GOx4D2O<5MI8   G­>BG5G?VI8WYP>BH%WoD¢^¢TF7HY~I258WG?8RH&<5>@HIJT<5MI8258WG?VIA@<5GO>BH
FT:MF7HJD8WY0x4D25\ { <5>Ö<5A@8LFDGHF7\,8]F7HYPFD2e<5>BGe<OFDGOF7VI<?MI4^2}> G8vyg~I258WG5Ge8;GR¡VG?>BHIJUF7H!°r±v²7³´;µAB>@w^8]Ge_[H&<5F7y
S"MI8W2?8 Ê Ã Ê Í_èFDHY ²i`
Ê Ã( Ê F7258FD2?> F7QA@8;GR[Q[_
result [ name[TITLE ] author [ARTIST ] ] ←






= catalogue( cd(title( Ó `3\,~I>B258VI25A@8;G?¯&VI8 Ó ), artist( Ó 4^Q_[ABFDH Ó ), year( Ó ;oD¢&l Ó )),
cd(title( Ó X> Yg8_D4^VI2"MI8WFD2e< Ó ), artist( Ó 4^HIHI>B8fa_[A@8W2 Ó ), year( Ó Wo^¢D¢ Ó )),




cd88Rule = catalogue{}(cd{}(title(TITLE ), artist(ARTIST ), year( Ó WoD¢^¢ Ó )), SubCat)
_




















result(name( Ó X> Yg8_D4^VI2"MI8;F72?< Ó ), author( Ó 4DHIH>@8Ofa_&AB8R2 Ó ))
;














authorsRule = (X ; L
_
(result(name(TITLE), author(ARTIST )) _ singer(ARTIST )) X)
<?4,<5MI8O~I258R[>B4DVG?A@_]4^Qg<5FD>@H8WYL2?8;GeVIA@<¬<?MI8WHUSa84^Qg<5FD>@HTFDG¬258WG?VIA@<<5MI8<?8W2?\
singer( Ó 4^HIHI>B8fa_[A@8W2 Ó )
;
















-G,Yg8R<5FD>@AB8WY >BHÎM "  + j7kPOÅ3258RS"25>Ö<58QF^Ge8;Y¾A F7HIJ^VF7J^8WGOMF^8Qc8R8WHé8W¯&VI>B~I~c8WYéS">Ö<5MépF725>@4^VG~2?8RhG5:v25>@~g<5>@^8<9_&~c8G?_[Ge<?8W\]GRNP8G9<5VYg_M8R258FK~c4pSa8W2exVAGeV:M~c4DAB_&\,4^2?~IM>B:4DH8D
$D°+°$  ¸  · » b ·&¹ ©p½¨;½ítúP«^ª ð «^ë ð ½
 © P¤¥º P³? P¼¾½8¢¥±¢&> F"F¬<9_[~c8aG?_[Ge<?8W\ {>@HMI8R25>Ö<58WYx254D\ <?MI8FD\bQYIFph:RFDAB:RVIA@VG5}c8WHgx4D2:v8;GFXG5Fpx8R2~I2?4^JD2F7\Kh\,>@HJYg>BG5:v>B~IAB>@H8D,dHèM ^N)j^l0OÅ£FE"MI4DhÅ:WF7A :vVIABVG-Ô¼S   M&V25:Mó{:WF7ABA@8;Yè,.8/91&}Xx8WF7<?VI25>BHIJUGe8;:v4DHY[h4^25YI8R2
~c4DAB_&\,4^2?~IM>B:L<9_[~8;G]S¬FDG,~I254D~c4^G?8WY¡r<?4^JD8v<5MI8R2]S">@<?M%F :R4D252?8;Ge~c4DHYI>@HIJ0<9_[~8U>BHgx8R258RH:v8G?_[Ge<?8W\ÕÔ¼ 






Z[VIQGe8;:=<?>B4DHTig I&Sa8>@H&<52?4gYgV:R8X<5MI8-xVA@AB_,<9_[~8;YG?8W:v4^HY[hÅ4D2Yg8R2r2?8WS"2?>@<?>BHIJb:WF7A :vVIABVGÔ¼S   M[VI25:M,.8/91C
<9_[~8;G47xz<?M8­Qc4DVIHYUpF725>BFDQIA@8;G-FD2?8KGe~c8W:R>V8;YU>BH<?M8b<58R25\\]F7w[>BHIJ]<9_[~c8­258W:R4DHGe<?25V:=<5>@4^HF7HYD8R25>SIh
:RF7<?>B4DHP¯^V>Ö<58,Ge<?2F7>BJDM&<?x4D25SFD25Y¡f¬MI8,:RFDAB:RVIA@VG8WHp694p_gGGeVIQI698W:=<258WYgV:v<?>B4DHFDHYU<9_[~c8,VIHI> ¯^V8RHI8;G?GWOdH
















τ ::= ι | α | τ _ τ | ∀α.τ
∆ ::= ∅ | ∆, α:K | ∆, f :τ | ∆, X :τ
P ::= stk | α | X | f(P ) ö{ P¼¹¼D»P P£¶¢·0º¶º§7£
·P³2¼¾½I·|³+º¶¨
¥¹³d P³9½§Ö'÷
A ::= stk | f | X | P _∆ A | [P ∆ A]A | A A | A τ | A ;A
st>@J^VI2?8,^CzZg_&H&<Fpy4Dx=,.8/91




$D°±f° # ¸ í¨WªuÉ
ßUº ¨Wªg¨;½ º í£ª ð ì º í? · í¨W½ º ít§ ° NP8P:R4DHG?> Yg8R2L<?MI8P\,8v<FphGe_[\bQc4DA G6ª m _ m «è{xVIH:=<5>@4^HghF7HY)<9_[~8RhF7QG9<525F^:=<?>B4DHc}=FDHYKª
[ m  m ]«{Yg8WABF_^8WY0\,F7<5:MI>BHIJU:v4^HGe<?2F7>BH^<=}=FDHYQª m ; m «T{Ge<?25V:v<?VI258,4D~c8R2Fp<?4^2}vf¬MI8FD~I~IAB>B:WFp<?>B4DH4D~c8R2Fp<54D2¬> G"Yg8RHI4D<?8;YLQ[_:R4DH:WFp<58RHF7<?>B4DH
NP8FDG5GeVI\,8,<5MFp<O<5MI8F7~~IA@> :RF7<?>B4DHP4D~c8R2Fp<54D2OFDG5Ge4g:R>BF7<?8WG<54T<?MI8]AB8vx <;£S"M>@AB8]<?M8]47<?M8R24^~8W25F7<?4D2G
FDG5G?4[:R>BF7<?8K<?4<5MI825>@J^M^<;f¬MI8]~I25>@4^2?>@<9_U47x<?M8F7~I~IAB> :RFp<5>@4^H!> GOMI>BJDM8R2<?MF7HP<?MF7<47x#ª
[ ] «KS"M>B:M> GMI>BJDMI8W23<5MF7H]<5MFp<a47x2ª _ ªS"MI> :M]> GR&>@H<?VI25H&47xMI>BJDMI8W23~I25>@4^2?>@<9_<5MF7H<?MI8lª ; «zf¬MI8Ge_[\bQc4DA τ 25FDHIJD8;G4pD8W2r<5MI8Ge8R< Type 4Dx<9_[~c8WGW^<5MI8OGe_[\­Q4^A ι 2F7HJD8WGa4pD8W23<5MI8OGe8R< TypeK 4Dx<9_[~8O:R4DHGe<5FDH^<G{ TypeK ⊆
Type }=<5MI8aG?_[\bQc4DA G α, β 25FDHIJD834p^8R2¡<5MI8¬Ge8v< TypeV 4Dxg<9_&~c8vhÅpF725>BFDQIAB8WG3{ TypeV ⊆ Type }v<?MI8Ge_[\­Q4^ABG
A,B,C, . . . , U, V,W











= f(A1, · · · , An) 4= f A1 · · ·An

# ¸ í¨Wª7É$à ø ½|úë£© · ¡á8° f¬MI8
¤½µu¨¢XF7258XFDGz4^HI8"S4DVIA YK8vyg~8;:=<3x254D\ F~4^A@_[\,4D25~IMI> :<9_[~8XG?_gG9<58R\ { ¥ ¹¨v
<9_[~8RhpFD2?> F7QIAB8WG":WF7HTQc8Q4^VIHYT>BHT<9_[~8;G"<?M2?4^VIJDML<?MI8 ∀ QI>@HYg8R2=}=¬f¬MI8µ9 P¤3¨U£³u¢FD2?8OF7ABJD8WQI2F7> :-<58R25\]G{ ¥ ¹¨R¡<?8W2?\]G:v4^HG9<52?V:=<?8;YU4DHA@_US">@<?MPpF725>BFDQIA@8;GR¡:R4DHGe<5FDH^<GFDHY0FD~I~IAB>B:WFp<5>@4^HG5}XS"MI> :MP:WF7HQc8,VGe8;Y0F^G
AB8vx <ehÅMFDHYG?> Yg8WGK47x-<?MI8T258RS"25>Ö<5>@HIJ!2?VA@8;GU~a<?MI8UG?8v<,47x-~Fp<e<58R25HGK>BG,4^Q[&>B4DVGeAB_!>BH:RA@VYI8WY>@H<?MI8TG?8v<]47x
<?8W2?\]GWf¬MI8­Sa8WA@A@hÅw&H4pS"HUA@>BHI8WFD2?>@<9_2?8;G9<52?> :=<5>@4^HM oDj0O> G-HI8W8WYg8;YT<?4LwD8W8R~U<5MI8­G?\]F7ABAÖhG9<58R~G?8R\]F7H&<5>B:WG














X _(X:τ) A{Q[_,FOAB>Ö<?<?AB8-F7QIVGe8X4DxcH47<5F7<?>B4DH}vzXH  µ)µ+¼¾¥º¶ |¥·|³U>BGr>@\,~IAB>B:R>Ö<5A@_,Yg8WHI47<58WY,Q[_K:R4DH:WFp<58RHF7<?>B4DHf~^HI47<58¬<?MF7<















$D°±f°± ø © ·&·)(ã ªI©½|ªg¦ ð· §,ªIí£»ä#ë£¦t§W¨W½¨Wë£¨W½ º ít§ °















Fv(P _∆ A) 4= Fv(A) ∪ Fv(∆) \ Fv(P )
Fv([P ∆ A]B) 4= Fv((P _∆ B) A)
Fv(A ;B/A B)
4
= Fv(A) ∪ Fv(B)
Fv(A τ )
4
= Fv(A) ∪ Fv(τ )
Fv(τ1 _ τ2) 4= Fv(τ1) ∪ Fv(τ2)
-GVG?VF7AWS8zS4D25wX\,4[YIVIA@4
α
dnº¶·P³2»8¨U£¶¢¥·P³,F7HYS83FDYg4^~g<D¬F7258RHYg258RJD< G â Å½U¡­¥¨³?¨gdnº¶·P³2»8¨U³9¤¥·P³  M ¬F72¢7k8OÅ¥ ¹¨v[x258R8RhtF7HY]Q4^VIHY[hÅpF725>BFDQIAB8WG3MFD8YI>V8R258RH&<aHF7\,8WGWzf¬MI>BGF7ABAB4pSXG3VGr<?4KYg8H8G?VIQGe<?>@<?Vg<5>@4^HG¯^V>Ö<58
Ge<?2F7>BJDM&<ex4^2?S¬F72YgAB_D[Ge>BH:v8>@<-FD4^>BYIG~I254DQA@8W\,G¬AB>BwD8pF725>BFDQIA@8:RFD~g<?V2?8^
÷ ·)¯ ít½¨W½ º í $D°±f°± à#ë¦§W¨W½¨;ë¨;½ º í£§ á
² ¢¶§9¦¢¥¹¤§7¤¥·P³
θ
¥±¢ è®G µ­µ?¥¹³q¡¿¶£·P® Åu¨¢U¨"·n¿©¨£® »P P£¥ ­¦U¼S¨¢Nö3£¨¢¤µ4Æ ¤½µu¨d»P P£¥ )¦¼S¨¢3÷è©· Åu¨
¢U¨Q·{¿©¨£®¢ ö¤£¨¢¤µ4Æ ¤½µu¨¢3÷|Æ ² ¸#³2¥¹3¨¢§9¦¢¤¥¹§7¤¥·P³
θ
Å9 8¢¹Å9¨Z¿·|£® {A1/X1 . . . Am/Xm} Â·P£
{τ1/α1 . . . τm/αm}
Â= P³+¬¥¹¢I¬)·P®G P¥¹³
Dom(θ)































(P _∆ A)θ 4= P _∆ Aθ
([P ∆ A]B)θ 4= [P ∆ Aθ]Bθ
(A ;B/A B)θ
4





τi if αi ∈ Dom(θ)
αi otherwise
(τ1 _ τ2)θ 4= τ1θ_ τ2θ







÷ ·)¯ ít½¨W½ º í $D°±f°$ à å ªI¨W«û£½|í£ú á
è ¥¹»8¨U³ GÅu¨¶·P£½
T





























NP8YI8HI8OFKGeV~8W2?~c4^G?>Ö<5>@4^H258RA Fp<5>@4^H v : Pattern ×Term Q8R<9Sa8W8RH~Fp<?<?8R25HG¬F7HY]<?8W2?\]GS"MI4&Ge8F7>B\ > G,<54:MF72FD:=<58R25>SRW8FPQI254^F^Y:RABF^G?G,4Dx\]F7<5:MI>BHIJ8W¯&VF7<?>B4DHGK<5MFp<FD2?8Iµ9·P©¨³2¥ |¼¹¼¾½éG?4DABFDQIAB8D%dÅx
P v A S8G?F_<?MF7<ª P ¬)·¨¢lµu·|3¨U³9¤¥ P¼¹¼V½Z¢§0µ9¨£¤µ9·8¢U¨ÀÄ¥¹¹Å A«bFDHY¡Q[_LHI8RJ&Fp<?>B4DH>@x P 6v A <?MI8WHZª PG?VI2?8WA@_LYg4[8WG¬HI4D<-GeVI~c8R25~c4^G?8S">@<?M
A
«
÷ ·)¯ ít½¨W½ º í $D°±f°S: à#ëD · ©8 º §;½¨W½ º í á
	 Æ Ê Å9¨
£¨¼S |¥·|³·{¿x¢§0µ9¨£¤µ9·8¢¥¹¤¥·P³




X v A (∀A)
α v τ (∀τ )
f(P ) v A if A ≡ f(B) ∧ P v B




X ∨ (A1 ;A2) ∨A τ ∨
(A1 A2 ∧A1 /∈ Pattern)∨
([Q∆ A1]A2 ∧Q v A1 ∧ P v A2) (∀P )

 Æ Ã ¿ P v A ¥±¢=³?·P#¢U |¥±¢¸ ¨¶¬"À¨




÷ ·)¯ ít½¨W½ º í $D°±f°±* à#¨Wët«;ÿnû ·[º © ¸ æ Tstk áÊ Åu¨£¨U¼S P¤¥·P³ →stk ¥±¢¬­¨¸#³?¨¶¬Z¦U½G¹Å9¨¿·|¼¹¼S·PÀÄ¥¹³¡K£§7¼S¨¢UÁ
[P ∆ A]B →stk stk if P 6v A
stk ;A →stk A
A ; stk →stk A
stk A →stk stk
¨K¬­¨U³+·|3¨K¦U½ 7→stk Åu¨Kº·|³9©¨´)¤§9 P¼ºU¼S·8¢§7£¨Z¥¹³+¬|§9º¶¨¬¦½Åu¨¢U¨"£§7¼¨¢UÆ Ã ¢£¨Zé¨´­¥¹»P¨K P³+¬£ P³u¢¥¹¤¥¹»8¨ºU¼S·8¢§7£¨¥±¢=¬)¨³?·P©¨¶¬Z¦U½ 7→stk Æ Ê Åu¨
¢½P®®G¨U£¥º P³?¬6£ P³u¢¥¹¤¥¹»8¨º¼·8¢§7£¨·n¿ 7→stk ¥±¢=¬)¨³?·P©¨¶¬Z¦U½ stk= ÆÍ¨U
Tstk














A,B, C 25FDHIJD84pD8W2 Type ∪ Term }v8R<XVG"¯&VI> :w&AB_8Ry[~ABFD>@HL<?MI8<54D~ghÅAB8RD8WA¡2?VA@8;GRC
^j
(P _∆ A) B →ρ [P ∆ B]A
[P ∆ B]A →σ Aθ(P ≺≺stk B)

































NP8Yg8RHI4D<?8,Q[_ 7→ρσδ <5MI8:v4^H&<?8vy[<5VF7A3:RA@4&GeVI258K>@HYIV:v8;Y!Q[_U<5MI8WG?8,2?VA@8;GR,dÅ<5G258}8vyg>@^8KFDHY!<?2F7HG?>@<?>BD8:vAB4^G?VI258]>BGbYg8RHI4D<?8;YQ&_ 7→ρσδ Tf¬MI8G?_&\,\,8v<52?> :]F7HY0<525FDHG?>Ö<5>@^8:vAB4^G?VI2?8,4Dx 7→ρσδ > GYg8WHI47<58WYQ[_ =ρσδ uX4D<?> :v8­<?MF7<<5MI8WG?8b258RA Fp<5>@4^HGF7258~F72F7\,8R<?8R25>R 8WYTQ[_T<5MI8KF^Yg4D~I<?8WYU<?MI8W4D25_
Tstk
ONP8,Yg8RHI4D<?8­Q&_ 7→stkρσδ<?M8O2?8WABF7<?>B4DH 7→stk ∪ 7→ρσδ 3sI4^2 7→stkρσδ g<?MI8x4^A@AB4pS">BHIJ,MI4DA YIGWû ·[º © · ï $D°±f° à?ì­û¡ë£©«û b º §;§ · ©" º ©ê+ë6ì írî ì­¼gò 9:3ï[á
Ê Åu¨£¨U¼S P¤¥·P³ 7→stkρσδ ¥±¢
º¶·|³ké§9¨³23Æ
ølkø ù8×!äQt©úiÚ t#suûU×znyùKúû=QØ ú!ý)r7_Ú Û&ÜIÝÞ
fa_&~c8WG­:RFDH Q8VGe8;Y FDG~2?8;Yg>B:WFp<58WGx4^2O<?8W2?\]G4DxXE"MI47h:RFDAB:RVIABVGRTf£8R25\,G­:RFDHPQc8LYI>@258W:v<?AB_ ¬)¨º¶·|£ P©¨¶¬
S">@<?M<9_&~c8WG,FDHY <5MI8RH8RD8W2?_ :RA@4&Ge8;Y<?8W2?\ :R4D\,8WG,Yg>B2?8;:=<5A@_S">@<?MóF0VIH>B¯&VI8^3>@H&<52?>BHG?>B:<9_[~8^ dH¾<?M8
¿¶§7¼¹¼¾½½µ9¨¶¬]F7~~I2?4&FD:M,47x#M ^N)j^l0OÅgF<9_[~8r69VYgJD8W\,8RH&<aS">BA@AcQc8Yg8WHI47<58WY]Q[_K<?MI8Ge_[\­Q4^A `T {x4D2vðz_[~8;Y<?8W2?\]G}=r ¤½µ9¨¬G¢½8¢¶©¨U® > GXF,Ge8R<X47x£25VIAB8WG¬x4^2"~I254p&>BHIJ69VYgJ^8R\,8RH&<5GX47x<5MI8G?MF7~c8





















<?M8>@2F72YZg_[Ge<?8W\ sM >B25¢^m8O3¤4D258~2?8;:v> Ge8WA@_^^<5MI8G?_[Ge<?8W\ ~I254pD8;G69VYgJD8W\K8WH&<X47xt<?MI8G?MF7~c8DC
Γ `T ok ñVòó Γ `T τ : ∗ ñVòó Γ `T P : τ ñVòó Γ `T A : τN!8,Yg> G?:RVG?G4^HIA@_T<5MI8­<9_&~>@HIJ25VIA@8;Gx4D2Sa8WA@A@hx4D25\K8;YT<?8W2?\]GF7HY~F7<e<?8W2?HGRc<?M8K4D<?MI8W2-<9_[~I>BHIJ2?VA@8;G
Qc8R>BHIJG9<F7HYF72Y¡

ò ·&ð|ð¹(  º ©pï · »èì º í¨ · É¡¨W§
∅ `T ok
(Ctx·Empty)
Γ `T ok α 6∈ Dom(Γ)
Γ, α:∗ `T ok
(Ctx·V ar∀)
Γ `T ok ι 6∈ Dom(Γ)
Γ, ι:∗ `T ok
(Ctx·Const)
Γ `T ok Γ `T τ : ∗ X 6∈ Dom(Γ)
Γ, X :τ `T ok
(Ctx·V ar)
ò ·&ð|ð¹( ÿ½ít» · »n ¸  · §
Γ1, ι:∗,Γ2 `T ok
Γ1, ι:∗,Γ2 `T ι : ∗
(Type·Const)
Γ1, α:∗,Γ2 `T ok
Γ1, α:∗,Γ2 `T α : ∗
(Type·V ar)
Γ, α:∗ `T τ : ∗
Γ `T ∀α.τ : ∗
(Type·Poly)
Γ `T τ1 : ∗ Γ `T τ2 : ∗
Γ `T τ1 _ τ2 : ∗
(Type·Arrow)
Γ `T ok ι 6∈ Dom(Γ)
Γ, ι:∗ `T ok
(Ctx·Const)
Γ `T ok Γ `T τ : ∗ X 6∈ Dom(Γ)
Γ, X :τ `T ok
(Ctx·V ar)
ò ·&ð|ð¹( ÿ½ít» · »n ¸  · §
Γ1, ι:∗,Γ2 `T ok
Γ1, ι:∗,Γ2 `T ι : ∗
(Type·Const)
Γ1, α:∗,Γ2 `T ok
Γ1, α:∗,Γ2 `T α : ∗
(Type·V ar)
Γ, α:∗ `T τ : ∗
Γ `T ∀α.τ : ∗
(Type·Poly)
Γ `T τ1 : ∗ Γ `T τ2 : ∗






(Term·V ar)(Term·Const) < -GrVG?VF7A7<5MI8-:v4^H&<?8vy[<rYg8R<?8W2?\,>BHI8WG<5MI8"<9_[~c8X47x¡pF725>BFDQIAB8WGWdÅ<a:WF7HIHI4D<:v4DH&<F7>BH<9S4]Yg8W:RABFD25F7<?>B4DHGrx4D2¬<5MI8G?FD\,8pFD2?> F7QIAB8]{4^2X:v4DHG9<F7H&<}~
(
(Term·Stuck) < Z[>@H:v8 stk :RFDHFD~I~c8WF72¬>BHUF7H[_G9<52?V:=<?V2?8^g>Ö<G¬<9_[~8:WF7HQ8O[>B2e<5VF7ABA@_FDH[_^<5MI>BHIJ,QIVg<¿ P¼ ¢§7®Kf¥ ±¨R ⊥ 4=∀α.α ~
(


















ò ·&ð|ð¹(  º ©pï · »u · ©ïé§­ªIít» % ªI¨R¨ · ©pít§
Γ1, X :τ,Γ2 `T ok
Γ1, X :τ,Γ2 `T X : τ
(Term·V ar)
Γ1, f :τ,Γ2 `T ok
Γ1, f :τ,Γ2 `T f : τ
(Term·Const)
Γ `T A : τ1 _ τ2
Γ `T B : τ1
Γ `T A B : τ2
(Term·Appl_)
Γ,∆ `T P : τ1 Fv(P ) = Dom(∆)
Γ,∆ `T A : τ2 Γ,∆ `T τ1 _ τ2 : ∗
Γ `T P _∆ A : τ1 _ τ2
(Term·Abs_)
Γ, α:∗ `T A : τ
Γ `T α_∗ A : ∀α.τ
(Term·Abs∀)
Γ `T A : ∀α.τ1 Γ `T τ2 : ∗
Γ `T A τ2 : τ1{τ2/α}
(Term·Appl∀)
Γ `T A : τ
Γ `T B : τ
Γ `T A ;B : τ
(Term·Struct)
Γ,∆ `T P : τ1 Fv(P ) = Dom(∆)
Γ,∆ `T A : τ2 Γ `T B : τ1
Γ `T [P ∆ B]A : τ2
(Term·Match_)
Γ `T τ : ∗ τ 6= ⊥
Γ `T stk : τ
(Term·Stuck)
Γ `T τ2 : ∗ Γ, α:∗ `T A : τ1





(Term·Abs∀) < f¬MI8O2Fp<5>@4^HF7AB8> GWC α_∗ A ' α_(α:∗) A a-QG9<525F^:=<5>@4^HL4^HL<9_[~c8vhÅpF725>BFDQIA@8;G¬\]F7wD8;G<?MI8~4^A@_[\,4D25~IMI> :"\,8W:MFDHI> Ge\FpF7>BABFDQIA@8XF7<r<5MI8-VG?8R2?hÅA@8WD8RACH47<?8X<?MF7<FO<52?>B[>BFDA~F7<e<58R25H]>BGaVG?8WY
>@HT~c4DAB_&\,4^2?~IM>B:vhÅFDQG9<525F^:=<5>@4^H
(







(Term·Match_)(Term·Match∀) < f¬M82Ge<25VIAB8KGe<5F7<?8WG<5MFp<<?MI8]:R4DHGe<?2F7>BH&< [P ∆ B]A J^8v<5G<?MI8,G?FD\,8<9_[~8KFDG
(P _∆ A) B
f¬MI>BG> GG?4DVHYG?>@H:R8











= ι:∗, f :ι_ ι, a:ι Æ Ê Å9¨¿·P¼¹¼S·|ÀÄ¥¹³q¡Uô§9¬U¡q¨U®6¨U³9¢ P£¨¬­¨U£¥¹»8 )¦¼¨Á
∅ `T ⊥ ≡ ∀α.α : ∗ õ6ö÷økùúûøkü\úKöüúKöý_ù1þÿ!þøkùø   	

∅ `T α_∗ X _⊥ (X α) : ∀α.(⊥_ α)   ø ö"þÿ"ü1øú þeöÿ
∅ `T β _∗ Y _β X : ∀β.(β _ β) ø 
Cøkü! "þ÷iþúKöù1ÿ!þÿ
Γ `T (γ _∗ f(Z) _(Z:γ) Z) ι f(a) : ι ø 
Cøkü! "þ÷iþù"ÿkù1ÿ!þkÿ!þøVùû#$%& þ÷'kÿ!þ!økù
	( gk|~¢v{_ {<Zr{(*)Z¢@V|	+¡|~+)Z á |_({¡|~,)¢e@g|__ |ÇZk({Z
^






b · ï¾ªI©;ÿ $f°±$f° à#4 ºº  · © î@ü]ì ¶ ¼ +$6ï[á Ã ¿6À¨K P¼¹¼·PÀ»P P£¥ )¦¼¨¢I P¢6Åu¨6Åu¨¶ )¬¢½P®G¦·|¼ ·{¿I µ9 P¤3¨U£³ö{º¶ P¼¹¼S¨¶¬ â  )º¤¥¹»8¨»8 |£¥ ­¦U¼S¨¢  ÷8ÂQ¹Å9¨³òÀ¨ º¶ P³òÀÄ£¥¹©¨Åu¨6¿·P¼¹¼·PÀÄ¥¹³q¡ º¶·P§7³23¨U£¨´q |®!µ?¼S¨0Æ Ã ³òÅu¨ º¶·P³23¨´)
Γ
4
=X :τ1 _ τ2, Y :τ1, f :τ3 _ τ2, a:τ3
Â#¹Å9¨lµ9 P¤3¨U£³
Γ `T X : τ1 _ τ2 Γ `T Y : τ1
Γ `T X(Y ) : τ2
 |³+¬"¹Å9¨
©¨£®
Γ `T f : τ3 _ τ2 Γ `T a : τ3
Γ `T f(a) : τ2
Åu |»8¨ 
º¶·P®®6·|³"¤½µu¨Â'¦U§7f¹Å9¨l¢U·P¼V§7¥·|³I·{¿lÅu¨!®6 |3º¶Å¥¹³¡lµ?£·­¦U¼S¨U®






= f :τ3 _ τ2, a:τ3 P³?¬
∆
4
=X :τ1 _ τ2, Y :τ1
Â#¹Å9¨³
Γ `T (X(Y ) _∆ Y )f(a) : τ1
¦§7




¼ · ï¾ïéª $f°±$f° à#ë£¦§R¨;½¨Wë£¨W½ º íó¼ · ïéï¾ª á
	 Æ Ã ¿ Γ,∆ `T P : τ  P³?¬ Γ `T B : τ  P³?¬ Dom(∆) = Fv(P ) Â |£¨Z¢§9ºÅ¹Å9 P P ≺≺stkB Åu P¢I ¢·|¼¾§7¤¥·P³
θ
ÂfÅu¨U³l¿·|£l |¼¹¼
X ∈ Fv(P ) Âf¹Å9¨£¨¨´)¥±¢¢ σ ¢§9º¶Å
Åu | Γ,∆ `T X : σ  P³?¬ Γ `T Xθ : σ Æ

 Æ Ã ¿ Γ,∆ `T A : τ ÂlÅu¨U³¿·P£6 P³2½ZÀ¨U¼¹¼xd©½µ9¨¶¬Z¢¶§9¦¢¥¹¤§7¤¥·P³ θ ¢§9ºÅ¹Å9 P Dom(θ) = Dom(∆) Â À¨Åu P»P¨
Γ `T Aθ : τ
Æ
û ·[º © · ï $D°$D° à#ë¦¡ý · «7¨ b · »të£«D¨W½ º í º ©Eêë¡ì í á
Ã ¿ Γ `T A : τ  P³+¬ A 7→stkρσδ B Â#Åu¨U³ Γ `T B : τ Æ
-/M./.%0/1§!½Z P³¥¹³+¬P§9ºU¤¥·P³d·|³ Åu¨¬­¨U£¥¹»8 |¥·|³·n¿
Γ `T A : τ
Æ
2
û ·[º © · ï $D°$D°± à ¸  ·32 í£½ ñ ë · í · §W§6 º ©
ρFix_
á








îxÉªIï ð· $f°±$f°¹ à ßUº ín · ©pï¾½ítªg¨W½ º í º i ¸ ªg¦ ð·  · ©pï¾§Rî ì ¶ ¼gò +6ï[á
Ã ¿ Γ `T A : τ ¹Å9¨³ A º¶ P³ ¬P¥¹»P¨U£¡)¨0Æ Ê  k)¨ Γ 4= f :(ι _ ι) _ ι Â |³+¬ ∆ 4=X :ι Â! P³+¬ A 4=ω f(ω) ÀÄ¥¹¹Å
ω
4
= f(X) _∆ X f(X)
Æ Ê Åu¨U£¨¿·|£¨Â
Γ `T ω f(ω) : ι
Â¦U§7











$D°$D°±  ¸ ½ítú¨Wû · © · t© · § · í¨WªI¨W½ º í º  °r±v²7³´;µñ ë · ©p½ · §
f£40GeM4pS <5MI8G}8Ry[>BQI>BA@>@<9_P47x¬<?MI> G~c4DAB_[\,4D25~IMI> :K<9_&~c8G?_gG9<58R\T£AB8v<­VGO<F7wD8]QFD:w<5MI88RygFD\,~IA@8¯&VI8W2?_
ig mI i[C
(catalogue{{ cd{title[TITLE] artist[ARTIST ] year[ Ó Wo7¢^¢ Ó ] }, SubCat}}
_
result [ name[TITLE ] author [ARTIST ] ])
dÅ<X> G¬~4&G?G?>@QA@8<?4F^G?G?>BJDH>@<-F,Ge>B\,~IAB8<9_&~c8DQ&_LYg8W:RABFD2?>BHIJ­<?MI8x4^A@AB4pS">@HJ,G?>BJDHF7<?VI258DC
title : string _ tl
artist : string _ art
year : int_ yr
cd : tl_ art_ yr _ entry
{{ }} : entry _ entry _ entry
catalogue : entry _ ctl
name : string _ nm
author : string _ aut
result : nm_ aut_ res
f¬MI8X¯&VI8W2?_O> G<?M8RH]FDG5Ge>BJDH8WYO<9_[~c8
















x4D2b>@HGe<5FDH:v8,>BH4DVI2b¯&VI8W2?_0Sa8,MF^8­<9S4T>@HG9<F7H:R8WG47x {{ }} VGe8;Y!4^H Yg>BGe<?>BH:v<bYIFp<F<9_&~c8WGWS8,S">@ABAHI4D<aQc8FDQIA@8X<?4bJ^>@^8-FO~I254D~c8R2Ge>BJDHFp<?V2?8^tf¬MI8~I258R[>@4^VGrG?>BJDHF7<?VI258X:RFDH]<?MI8WHQc8\,4gYg>S8WY]VGe>BHIJO<9_[~c8
pF725>BFDQIAB8WGWC
{{ }} : ∀α.(α _ α_ α)














 8¢¶¢¥V¡­³9®G¨³2F7~I~I254^F^:M0>BH&<?254[YIV:v8;Y!Q[_  VI2?25_ M  VI27kPOrx4D2O<5MI8f¬MI8W4D25_47x  4D\­QI>BHFp<54D2GRFDHY!<?MI8WH
\,4gYg>V8WY]Q[_  VI2?25_­FDHY]sI8W_gGM  szlD¢I  Zn7i8Ozf¬MI8z69VYgJD8W\K8WH&<5G3MFD8¬<?M8G?MF7~c8

























f¬MI4&Ge8TGe_gGe<?8W\,GKF7258T:RF7ABAB8WY¤½µu¨  8¢¶¢¥V¡|³2®6¨U³9=¢½8¢©¨®¢= N%MI8RHèSa8AB4&4^w Fp<K<?MI8UE"MI4DhÅ:WF7A :vVIABVGKFDGKF
wD8W2?H8RA-:WF7A :vVIABVG,VIHYI8R25HI8WF7<?M%F~Fp<?<?8W2?HghÅ\]Fp<:MI>@HJPQFDG?8WY~I2?4^JD2F7\,\,>@HJ!A F7HIJ^VF7J^8Dr<?MI> GFD~I~I254^FD:M






G?_[Ge<?8W\TbdHP~F72?<?> :vVIA F72;<?M8  V2?25_T<9_[~8,FDG5Ge>BJDH\K8WH&<G?_gG9<58R\ {  ;}M  V25Dk8Or:RF7H!Q8]4^Qg<5FD>@H8WYUx254D\







8R< DerT Qc8F<9_[~8;YéYg8W2?>BpFp<?>B4DH3F7HY L− M Q8L<?M8L8W25F^Ge>BHIJUxVIH:=<?>B4DH a_ FD~I~IAB_&>BHIJ L− M <?4<?M8ª?GeVQg698W:v<{«47x38WD8R25_69VYgJD8W\K8WH&<>BH DerT S8b4^Qg<5FD>@HFFDA@> YT<9_[~c8­FDG5G?>@J^HI\,8RH&<-Yg8R25>BF7<?>B4DH DerUS">@<?M <5MI8G5F7\,8G9<52?V:=<?V2?8]4Dx<5MI8]<9_[~c8WY4DH8DDC¥º¶¨Z»P¨U£¶¢ 78RD8W2?_0<9_[~8F^G?G?>@J^HI\,8RH&<bYg8W2?>BpFp<?>B4DH :WF7H
Qc8L[>B8RS8WY¾F^G<5MI8L258WG?VIA@<­4Dx-F7HéFD~I~IAB>B:WFp<?>B4DHé47x L− M <54!F<9_&~c8WYé4DHI8^!dHé~F72?<?> :vVIA F72;t<?MI88R2FDG?>BHIJxVIH:v<?>B4DH L− M >@HYIV:v8;GaFDH¥±¢U·P®G·P£¤µuÅ7¥±¢®Q8R<9Sa8W8RH8WD8W2?_b<9_&~c8WYGe_gGe<?8R\FDHY,<?M8:v4^2?258WG?~c4DHYg>BHIJ<9_[~8FDG5G?>@J^HI\,8RH&<XGe_gGe<?8R\T
÷ ·)¯ ít½¨W½ º í $D°S:°bÊ Åu¨£ 8¢¥¹³¡  §7³+ºU¤¥·P³+Æ
L stk M 4= stk
L f M 4= f
LX M 4= X
LA B M 4= LA M LB M
LA ;B M 4= LA M ; LB M
LA τ M 4= LA M
Lα_∗ A M 4= LA M
L [α∗ τ ]B M 4= LB M
LP _∆ A M 4= P _ LA M P 6≡ α
L [P ∆ A]B M 4= [P  LA M]LB M P 6≡ α
Ê Å¥±¢¬)¨¸³9¥¹¤¥·P³dº¶ |³d¨¶ 8¢¥¹¼¾½I¦¶¨¨´)©¨³?¬­¨¶¬6©·Z¬)¨£¥¹»P P¤¥·P³9¢Æ








 ¸ t½|í£ú b ë ð|· §8à ø ½úcë© · § ; ªIí£» ¦3á8°  ~I25>B\K>@<?>BD8,~c4DAB_[\K4^2?~MI>B:­<9_[~c8,F^G?G?>BJDHI\,8RH&<OGe_gGe<?8W\SF^G
G?wD8v<:MI8WYL>BHdM  Oj&iOa{S">@<?M4DVg<-FDH&_\K8R<5F7<?MI8W4D25_g}vdÅ<X~I2?4p^8WG£69VYgJ^8R\,8RH&<X4Dx<?M8GeMFD~8^C
Γ `U ok ñVòó Γ `U τ : ∗ ñkòó Γ `U P : τ ñkòó Γ `U U : τ
^m
ò ·&ð|ð¹(  º ©pï · »èì º í¨ · É¡¨W§
∅ `U ok
(Ctx·Empty)
Γ `U ok α 6∈ Dom(Γ)
Γ, α:∗ `U ok
(Ctx·V ar∀)
Γ `U ok ι 6∈ Dom(Γ)
Γ, ι:∗ `U ok
(Ctx·Const)
Γ `U ok Γ `U τ : ∗ X 6∈ Dom(Γ)
Γ, X :τ `U ok
(Ctx·V ar)
ò ·&ð|ð¹( ÿ½ít» · »n ¸  · §
Γ1, ι:∗,Γ2 `U ok
Γ1, ι:∗,Γ2 `U ι : ∗
(Type·Const)
Γ1, α:∗,Γ2 `U ok
Γ1, α:∗,Γ2 `U α : ∗
(Type·V ar)
Γ, α:∗ `U τ : ∗
Γ `U ∀α.τ : ∗
(Type·Poly)
Γ `U τ1 : ∗ Γ `U τ2 : ∗












(Term·Appl∀) < f¬MI> G¬2?VA@8O> G¬HI47<-G?_[H&<5FpyYI>@258W:v<?8WYf~g<?MI8<9_[~c8 τ2 > G¬JDVI8;G?G?8WY¡
(
(Term·Match_) < f¬MI8:v4DH&<58vy[< ∆ >BGQIV>@A@<"x2?4^\<?MI8x258R8RhpF725> F7QIAB8WGa47x P 4¥ ±¨R Dom(∆) = Fv(P ) 
XABA¡<5MI8O\,8v<5FD~I254D~c8R2?<?>B8WG~I258WG?8RH&<?8;YQc8RAB4pS)x4^25,.8/91]F7258F^YIF7~I<?8WYLx254D\ G?_gG9<58R\  i­4Dx8R>BFDH&<"FDHY
x4D2
,.8/91
¼ · ï¾ïéª $f°:D° à#ë£¦§R¨;½¨Wë£¨W½ º í º ¬¨ ¸  · Iªg©p½ªI¦ ð|· §]½|íFEê+ë6ì í á
Ã ¿ Γ `U U : τ  |³+¬ Dom(θ) ⊆ TypeV  |³+¬ CoDom(θ) ⊆ Dom(Γ) Åu¨U³ Γθ `U U : τθ Æ
û ·[º © · ï $D°S:° à#ë¦¡ý · «7¨ b · »të£«D¨W½ º í º ©GEê+ë6ì í á
Ã ¿ Γ `U U : τ  |³+¬ U 7→stkρσδ V Â#Åu¨U³ Γ `U V : τ Æ-/M./.%0/1§!½Z P³¥¹³+¬P§9ºU¤¥·P³d·|³ Åu¨¬­¨U£¥¹»8 |¥·|³·n¿









stk /∈ U Â#Åu¨ ¿·P¼¹¼S·|ÀÄ¥¹³q¡µ?£·­¦U¼S¨U® ¥±¢=§7³?¬­¨¶º¥¬) ­¦U¼S¨0Á
[n
ò ·&ð|ð¹(  º ©pï · »u · ©ïé§­ªIít» % ªI¨R¨ · ©pít§
Γ `U τ : ∗ τ 6= ⊥
Γ `U stk : τ
(Term·Stuck)
Γ1, X :τ,Γ2 `U ok
Γ1, X :τ,Γ2 `U X : τ
(Term·V ar)
Γ1, f :τ,Γ2 `U ok
Γ1, f :τ,Γ2 `U f : τ
(Term·Const)
Γ `U U : τ1 _ τ2
Γ `U V : τ1
Γ `U U V : τ2
(Term·Appl_)
Γ,∆ `U P : τ1 Dom(∆) = Fv(P )
Γ,∆ `U U : τ2 Γ,∆ `U τ1 _ τ2 : ∗
Γ `U P _ U : τ1 _ τ2
(Term·Abs_)
Γ, α:∗ `U U : τ
Γ `U U : ∀α.τ
(Term·Abs∀)
Γ `U U : ∀α.τ1 Γ `U τ2 : ∗
Γ `U U : τ1{τ2/α}
(Term·App∀)
Γ `U U : τ
Γ `U V : τ
Γ `U U ;V : τ
(Term·Struct)
Γ,∆ `U P : τ1 Dom(∆) = Fv(P )
Γ,∆ `U U : τ2 Γ `U V : τ1
Γ `U [P  V ]U : τ2
(Term·Match_)
s£>BJDV2?8bn[Czf¬MI8fa_[~8OG?G?>@J^HI\,8RH&<-Z[_gG9<58R\ x4D257,D.8/91
• Ê ½µ9¨ Ã ³0¿¨£¨U³+º¶¨0ÁÄ¡|¥¹»P¨U³ Γ ö¡|¥¹»P¨¢®6¨¶ |³9¥¹³q¡x©·º·|³u¢© P³9¢3÷8Â2¥±¢Åu¨U£¨ x½µ9¨ τ ¢§9º¶Å=Åu | Γ `U U : τI
-/M./.%0/1 Ã 2¿·P¼¹¼·PÀE¢]Fbx4^2e<5>@4^2?>2¿¶£·P® ¹Å9¨
À¨U¼¹¼|³+·|ÀÄ³ £¨¢§7¼¾·n¿N¨U¼¹¼ ¢J4¨U¼ W'W9 Æ 2
$D°S:°  ¸ ½ítú¨Wû · © · t© · § · í¨WªI¨W½ º í º  °r±v²7³´;µñ ë · ©p½ · §
XJ&F7>BHU>@HT<5MI> G-G?_[Ge<?8W\ S8b:WF7HUFDG5Ge>BJDHUF]~c4DAB_[\,4D25~IMI> :<9_&~c8 ∀α.(α _ α _ α) <?4:R4DHGe<?25V:=<54D2G"GeV:MFDG {{ }} QIVg<XS8OYg4]HI47<"HI8W8WYL<?4]Ge<5F7<?8OS"MI> :M<9_[~c8OS">@ABA>BHGe<5F7H&<5>BF7<?8 α 3f¬M8¯^V8R25_
(catalogue{{ cd{title[TITLE ] artist [ARTIST ] year [ Ó ;oD¢^¢ Ó ] }, SubCat}}
_
result [ name[TITLE ] author [ARTIST ] ]) DB
:RFDHU<?M8RH0Qc8,FDG5Ge>BJDHI8;Y<?MI8­<9_[~8










colour : string _ clr
coloured m object : ∀α.(α _ clr _ clrd(α))
[ ] : ∀α.(α _ α_ α)






coloured m catalogue[ coloured m object[cat, colour[“black′′]],
coloured m object[mouse, colour[“white′′]]]
> GX:v4^2?258W:v<¬FDHYMFDG<9_[~8
clrd m ctl(animal) sI4^2X¯&VI8R25_[>@HIJ[Sa8OS">BA@A¡VGe8<5MI8:v4^HG9<52?V:=<?4^25G
{{ }} : ∀α.(α _ α_ α)
result : ∀α.(α _ res(α))
f¬MI8x4^A@AB4pS">@HJK¯&VI8W2?_G?8RAB8W:v<5G¬8WD8R25_]QIA FD:w4^Qg698W:v<WC
coloured m catalogue{{coloured m object[OBJ, colour[“black′′]], SubCat}}
_
result[OBJ ]









$D°±*f° ÷ · «D½|»£ªg¦½ ð ½¨ ¸º ¬¨ ¸ t½|í£ú º ©ê+ë6ì í




stk /∈ A Â#¹Å9¨¿·|¼¹¼S·PÀÄ¥¹³¡µ+£·)¦¼¨®¢ P£¨¬­¨¶ºU¥¬­ )¦¼S¨0Á
	 Æ Ê ½µ9¨ ` ¨¶º·|³u¢¤£§9º¤¥·P³?Á!¥±¢=Åu¨U£¨ Z½µ9¨
τ
¢¶§9º¶ÅQÅu | ∅ `T A : τ I

 Æ Ê ½µ9¨ â Å9¨º(|¥¹³q¡qÁE¿·P£ ¡|¥¹»P¨³
τ












 ÆE¨l§¢U¨lÅu¨µ?£¨U»¥·|§¢ |¼ ¡)·|£¥¹¹Å7®N¿·|£l½µ9¨l£¨¶º¶·P³9¢¶¤£§9ºU¥·|³Kö  ¥V¡­§7£¨ W ÷|Æ½§7³9¥Z>U§9¨U³+¨¢¢·{¿ ½µ?¥¹³q¡|Â











= match A with
α ⇒ ∗
if α:∗ ∈ Γ
X/f ⇒ τ
if X/f :τ ∈ Γ
A1 ;A2 ⇒ Type2(A1; Γ)
if Type2(A1; Γ) = Type
2(A2; Γ)
P _∆ A1 ⇒ Type2(P ; Γ,∆) _ Type2(A1; Γ,∆)
if Type2(P ; Γ,∆) 6= false 6= Type2(A1; Γ,∆)
and P 6≡ α
[P ∆ A1]A2 ⇒ Type2(A2; Γ,∆)
if Type2(P ; Γ,∆) = Type2(A1; Γ,∆) 6= false
and P 6≡ α
A1 A2 ⇒ τ2
if Type2(A1; Γ) = τ1 _ τ2 and Type2(A2; Γ) = τ1
α_∗ A1 ⇒ ∀α.Type2(A1; Γ, α:∗)
if Type2(A1; Γ, α:∗) 6= false
[α∗ τ ]A1 ⇒ Type2(A1; Γ, α:∗){τ/α}
A1 τ ⇒ τ1{τ/α}















∀α.τ S"MI8R258 τ >BG"F2Ge<ehÅ4D2Yg8R2a<9_[~8^D¥ ¹¨vF,\,4^HI4D\,4D25~IMI> :=h<9_[~8^z-G"8RygFD\,~IA@8^ ∀α.α _ α ' {τ _





















f : ∀α.(α → ι) S"M8R258X<?M8~FD25FD\,8v<?8W2 α Yg4[8;GaH47<"F7~I~c8WFD2a8Ry[~A@> :v>@<?AB_]>@H<?M8O2?>BJDM&<?\,4&G9<¬<9_[~8
ι
3f¬MI8WHTS"MI8RHL<9_[~I>@HJ

























• (Term·V ar) IF7HY (Term·Const) C<5MI8<9_&~c8-4Dx£FpFD2?> F7QIAB87:v4^HG9<F7H&<3> GaF<9_&~c8>@HGe<5FDH:v847x>@<5G<9_&~c8vhG5:MI8R\,8­~




fun x→ a >BHU¤3





















β _ β f¬MI8RH!JD8RH8R2F7AB>SR;Fp<?>B4DHUJ^>@^8WG>Ö<<9_[~8 ∀β.(β _ β) S"MI8RH0<9_&~>@HIJ<?M8OQ4gYg_^IS"MI> :M8WHG?VI2?8;Ga<?MF7<-F7H[_]<9_[~8O4Dx
x
> GXF7H>BHG9<F7H:R847x































τ ::= α | ια | τ _ τ
1t4^A@_Lfr_[~c8WG
σ ::= ∀α.τ 1t4^A@_Lfr_[~c8bZg:MI8R\,8;G
U.V ::=
-Gx4D257,.0/21 1t4^A@_Lf8W2?\]G
ò ·&ð|ð¹(  º ©pï · »èì º í¨ · É¡¨W§
∅ `U ok
(Ctx·Empty)
Γ `U ok Γ `U σ : ∗ X 6∈ Dom(Γ)
Γ, X :σ `U ok
(Ctx·V ar)
ò ·&ð|ð¹( ÿ½ít» · »n ¸  · #«û · ï · §
Γ, α:∗ `U ok
Γ `U ια : ∗
(TypeScheme·Const)
Γ, α:∗ `U ok
Γ `U α : ∗
(TypeScheme·V ar)
α ∈ Lab(σ) Γ, α:∗ `U σ : ∗
Γ `U ∀α.σ : ∗
(TypeScheme∀)
Γ `U τ1 : ∗ Γ `U τ2 : ∗
Γ `U τ1 _ τ2 : ∗
(TypeScheme_)
Lab(ια) = α Lab(τ1 _ τ2) = Lab(τ2)








Γθ `U U : τθ






 ¥±¢x¡|¥¹»P¨U³¥¹³  ¥V¡­§7£¨ 	" Æ Ã l§¢¨¢
Åu¨GºU¼S 8¢¶¢¥º¶ P¼# P¼ ¡q·P£¥¹Å® mgu ÂlÅu Pl¥±¢Åu¨§7³2¥ ¸+dº¶ P¤¥·P³ P¼ ¡q·P£¥¹Å® ¦¶¨UÀ¨¶¨U³¸#£¶¢dn·P£¬)¨£©¨£®¢·{¿L4 ` ·)¦s' 9 öÅ9¨³?º¶¨·|®¥¹¤3¨¶¬÷|Æ
÷ ·)¯ ít½¨W½ º í $D°±*f°± à  ít» ·  · ít» · ít« · á 	 Æ ² ¢§9¦¢¶¤¥¹¤§7¥·|³
θ
¥±¢¥¹³?¬­¨©µu¨U³+¬)¨³2D¿¶£·|®- I¢U¨·n¿¤½µ9¨gd
»8 |£¥ ­¦U¼S¨¢ Var Â#ÀÄ£¥¹¤©¨³ θ 6^Var Â ¥ ¿ Dom(θ) ∩ Var = ∅  |³+¬ CoDom(σ) ∩ Var = ∅ Æ





Â P£¨¨(>§9 |¼ ¢·P§7·{¿ Var ÂÀÄ£¥¹©¨U³ θ1 Var= 6^ θ2 Â¥ ¿ αθ1 = αθ2 Â+¿·P£ P¼¹¼
α 6∈ Var Æ
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• ¥ ¿ U = X ¹Å9¨³ τ = Inst(Γ(X);Var)  |³+¬ θ = θ
ID




Γ `U X : τ
Æ
k[i
ò ·&ð|ð¹(  º ©pï · »u · ©ïé§­ªIít» % ªI¨R¨ · ©pít§
Γ `U τ : ∗
Γ1, X :σ,Γ2 `U ok σ ≤ τ
Γ1, X :σ,Γ2 `U X : τ
(Term·V ar)
Γ `U V : τ1
Γ,∆ `U P : τ1 Bv(CoDom(∆)) = ∅
Γ,Gen(∆; Γ) `U U : τ2 Dom(∆) = Fv(P )
Γ `U [P  V ].U : τ2
(Term·Match)
Γ `U τ : ∗
Γ1, f :σ,Γ2 `U ok σ ≤ τ
Γ1, f :σ,Γ2 `U f : τ
(Term·Const)
Γ,∆ `U P : τ1 Bv(CoDom(∆)) = ∅
Γ,∆ `U U : τ2 Dom(∆) = Fv(P )













Γ, Y :β `U Y : β
Γ `U Y _ Y : β _ β
Γ `U f(Y _ Y ) : ι1(β _ β)
(∗)
β _ β ≤ β _ β
Γ, X : β _ β `U X : β _ β
Γ, X : β _ β `U f(X) : ι1(β _ β)
ι_ ι ≤ ∀β.(β _ β)
Γ,∆ `U X : ι_ ι
ι ≤ ι
Γ,∆ `U 1 : ι
Γ,∆ `U X 1 : ι








=X :∀β.(β _ β) 
F7HY
(∗) >BG
(β _ β) _ ι1(β _ β) ≤ ∀α.(α _ ι1(α))







(Γ;U ;Var) = (τ ; θ;Var ′)
W

(Γ;U ;Var) 4= match U with
f ⇒ if f ∈ Dom(Γ) then
take (τ ;Var ′) = Inst(Γ(f);Var) and θ = θ
ID
X ⇒ if X ∈ Dom(Γ) then
take (τ ;Var ′) = Inst(Γ(X);Var) and θ = θ
ID
U1 ;U2 ⇒ let (τ1; θ1;Var1) = W

(Γ;U1;Var) in
let (τ2; θ2;Var2) = W

(Γθ1;U2;Var 1) in
let φ = mgu(τ1θ2 = τ2) in
take τ = τ2φ and θ = φ ◦ θ2 ◦ θ1 and Var ′ = Var2
P _ U1 ⇒ let X = Fv(P ) and αX ∈ Var1 in
let (τ1; θ1;Var1) = W

(Γ, X :αX ;P ;Var \ {αX}) in
let (τ2; θ2;Var2) = W

(Γθ1, X :αXθ1;U1;Var1) in
take τ = τ1θ2 _ τ2 and θ = θ2 ◦ θ1 and Var ′ = Var2
U1 U2 ⇒ let (τ1; θ1;Var1) = W

(Γ;U1;Var) in
let (τ2; θ2;Var2) = W

(Γθ1;U2;Var 1) in
let α ∈ Var2 in
let φ = mgu(τ1θ2 = τ2 _ α) in
take τ = αφ and θ = φ ◦ θ2 ◦ θ1 and Var ′ = Var2 \ {α}
[P  U2].U1 ⇒ let (τ1; θ1;Var1) = W

(Γ;U2;Var) in
let X = Fv(P ) and αX ∈ Var1 in
let (τ2; θ2;Var2) = W

(Γθ1, X :αX ;P ;Var1 \ {αX}) in
let φ = mgu(τ1θ2 = τ2) in
let (τ3; θ3;Var3) = W

(Γθ1θ2φ,X :Gen(αXθ2φ; Γθ1θ2φ);U1;Var2) in
take τ = τ3 and θ = θ3 ◦ φ ◦ θ2 ◦ θ1 and Var ′ = Var3
m ⇒ false
















∆ = X : αX
Æ ½è¥¹³+¬P§9ºU¤¥·P³Å½µ9·PÅu¨¢¶¥±¢dÀ¨Åu P»P¨
Γθ1,∆θ1 `U P : τ1
 P³?¬
Γθ,∆θ `U U1 : τ2
Æ!½"½µ9¨»8 |£¥ ­¦U¼S¨¢¢§9¦¢¤¥¹§7¤¥·P³èö3¼S¨®®G   Æ  Æ 	 ÷8ÂÀ¨6 P¼ ¢U·GÅu |»8¨
Γθ,∆θ `U
P : τ1θ2
Æ Ê Å§¢=À¨º |³ ¥¹³?¬­¨¶¨¶¬I¬)¨£¥¹»P¨
Γθ `U P _ U1 : τ1θ2 _ τ2
Æ












Γθ1 `U U1 : τ1
 P³?¬
Γθ1θ2 `U U2 : τ2
ÆC!½Z¤½µu¨»P P£¥ )¦¼S¨¢
¢¶§9¦¢¥¹¤§7¤¥·P³ö3¼S¨®®G   Æ  Æ 	 ÷8ÂÄÀ¨Å9 P»P¨
Γθ `U U1 : τ1θ2φ
 |³+¬
Γθ `U U2 : τ2φ
Æ  ¥¹³+º¶¨À¨¥P³?·PÀ¹Å9 P
τ1θ2φ = τ2φ_ αφ
ÂÀ¨º¶ P³¥¹³?¬­¨¶¨¶¬I¬)¨£¥¹»P¨
Γθ `U U1 U2 : αφ
Æ













∆ = X : αX
Æ+!½¥¹³?¬P§9ºU¥·|³
Å7½µu·|¹Å9¨¢¥±¢À¨EÅ9 P»P¨





Γθ1θ2φθ3,Gen(∆θ2φ; Γθ1θ2φ)θ3 `U U1 : τ3
Æ Ã ¥±¢
¨¶ P¢¶½G©·6¢U¨¶¨¹Å9 P




½x½µ9¨ »8 |£¥ ­¦U¼S¨¢ ¢§9¦¢¤¥¹§7¤¥·P³Kö3¼S¨®®G   Æ  Æ 	 ÷8Â?À¨ÄÅ9 P»P¨




Æ  ¥¹³?º¶¨=À¨P³?·PÀÅu | τ1θ2φ = τ2φ Â#À¨º¶ P³¥¹³+¬)¨¨¶¬K¬­¨U£¥¹»8¨ Γθ `U [P  U2]U1 : τ Æ
2
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(Γ;U ;Var) = (τ ; θ;Var ′) Â9¿·P£
¢·|®6¨ τ  P³?¬ θ  |³+¬ Var ′ O
 Æ














• ¥ ¿ U = X ¹Å9¨³ Γ(X)φ ≤ τ ′ ÂÀÅ7¥ºÅ ¦U½¬)¨¸³9¥¹¤¥·P³®G¨¶ P³9¢IÅu P Γ(X) = ∀α.τ1  P³+¬ τ ′ =
τ1φ{τ/α}
Æ Ã ³¹Å7¥±¢º¶ 8¢U¨Â W ³?¨»P¨U£¿ |¥¹¼ ¢6 |³+¬ τ = Inst(Γ(X);Var) = τ1{β/α}  P³+¬ θ = θID ÆÊ Å7§¢¶ÂDÀÄ¥¹¹Å
































(Γ,∆;P ;Var \{αX}) = (τ1; θ1;Var1)
¢¶§9º¶Å"¹Å9 P








Ã ³Kµ9 P£¤¥º§7¼S |£ (Γ,∆)φ = (Γ,∆)θ1ψ1 ¢U·¦U½Q¥¹³+¬|§9º¤¥·P³dÅ7½µu·|¹Å9¨¢¥±¢ W(Γθ1,∆θ1;U1;Var1) =
(τ2; θ2;Var2)
¢¶§9º¶ÅQÅu |























= 6^ ψ1 ◦ θ1
Var
= 6^ ψ2 ◦ θ2 ◦ θ1
Var
= 6^ ψ ◦ θ2 ◦ θ1
Æ
• ¥ ¿ U = U1 U2 Åu¨U³ Åu¨U£¨¥±¢¢·|®6¨ τ ′1 ¢¶§9º¶ÅQÅu | Γφ `U U1 : τ ′1 _ τ ′  |³+¬ Γφ `U U2 : τ ′1 Æ½¥¹³+¬P§9ºU¤¥·P³ Å½µ9·PÅu¨¢¶¥±¢¶Â
W

(Γ;U1;Var) = (τ1; θ1;Var1)
¢¶§9º¶Å ¹Å9 P








Ã ³Qµ9 P£¤¥º§7¼ P£ Γφ = Γθ1ψ1 ¢U·¦U½¥¹³+¬|§9º¤¥·P³Å½µ9·PÅu¨¢¶¥±¢¶Â W(Γθ1;U2;Var 1) = (τ2; θ2;Var2)¢¶§9º¶ÅQÅu |









ψ3 = ψ2 ◦{α/τ ′}
¥±¢x 
§7³2¥ ¸ ¨U£f¿·P£
τ1θ2 = τ2 _ α
Á!À¨Å9 P»P¨¥¹³+¬)¨¨¶¬
τ1θ2ψ3 = τ1θ2ψ2 =
τ1ψ1 = τ
′
1 _ τ ′ = τ2ψ2 _ α{α/τ ′} = (τ2 _ α)ψ3
Æ Ê Å7§¢Åu¨®G·8¢E¡q¨U³+¨U£ P¼f§7³2¥ ¸ ¨U£=¥±¢¢·|®6¨
ψ4
¢§9ºÅdÅu |
ψ3 = ψ ◦ ψ4
Æç6¨Iº¶ |³ ³+·|Àº·|³+ºU¼¾§9¬­¨0ÁZ¥¹³+¬­¨¶¨¶¬




= 6^ ψ1 ◦ θ1
Var
= 6^ ψ2 ◦ θ2 ◦ θ1
Var
= 6^ ψ3 ◦ θ2 ◦ θ1
Var
= 6^ ψ ◦ ψ4 ◦ θ2 ◦ θ1ψ ◦ θ
Æ
• ¥ ¿ U = [P  U2]U1 Åu¨U³¹Å9¨£¨¥±¢¢·|®6¨ τ ′1  P³?¬ ∆ = X : αX ¢§9ºÅ Åu P Γφ `U U2 : τ ′1  P³?¬
Γφ,∆φ `U P : τ ′1
 P³?¬









(Γ;U2;Var) = (τ1; θ1;Var1)
ÀÄ¥¹Å




= 6^ ψ1 ◦ θ1¿·P£¢U·P®G¨
ψ1
Æ
Ã ³6µ9 P£¤¥º§7¼ P£ Dom(θ1) ∩ Dom(∆) = ∅  P³?¬6¢U· Γφ,∆φ = (Γθ1,∆)ψ1 Æ@!½G¥¹³+¬|§9º¤¥·P³Å½µ9·PÅd¨¢¥±¢¶Â
W

(Γθ1,∆;P ;Var1 \ {αX}) = (τ2; θ2;Var 2)
ÀÄ¥¹¹Å









































 ¥¹³? P¼¹¼¾½8Â ¹Å9¨ |¼ ¡)·|£¥¹¹Å7® £¨¤§7£³u¢
τ = τ3
¢U·6¥¹³?¬­¨¶¨¶¬




= 6^ ψ3 ◦ µ ◦ θ2 ◦ θ1
Var
= 6^
ψ4 ◦ θ3 ◦ µ ◦ θ2 ◦ θ1 Var= 6^ ψ4 ◦ θ
Æ
2






stk /∈ U Â#¹Å9¨¿·|¼¹¼S·PÀÄ¥¹³¡µ+£·)¦¼¨®¢ P£¨¬­¨¶ºU¥¬­ )¦¼S¨0Á
	 Æ Ê ½µ9¨ Ã ³¿¨U£¨³?º¶¨Á¡|¥¹»P¨U³ Γ ö¡|¥¹»P¨¢®G¨¶ P³2¥¹³q¡6©·"º¶·P³9¢¶© P³2¢3÷8ÂE¥±¢Åu¨U£¨  τ ¢§9º¶ÅK¹Å9 P Γ `U U : τ I






Γ `U U : τ ′
Åu·|¼S¬ I
-/M./.%0/1
	 Æ½6¢U·P§7³?¬P³?¨¢¶¢ P³?¬Zº¶·P®µ+¼S¨U©¨³?¨¢¶¢¶ÂÀ¨Åu P»P¨ ∃τ, Γ `U U : τ ⇐⇒ W(Γ;U ;Var) 6= false
k&m

 Æ½6¢U·P§7³?¬P³?¨¢¶¢ P³?¬µ+£¥¹³?º¥ µ9 P¼V¥¹½8Â¹Å7¥±¢+ô§9¬U¡q¨®G¨³2¥±¢¨(>§7¥¹»P P¼¨³2 ©·
W

(Γ;U ;Var) = (τ ; θ;Var ) ∧ τ ′ = τψ ÀÄ¥¹Å Dom(ψ) ⊆ Var








































47xX[>B8RSOt4DVI2­~I258WG5:v25>@~g<5>@^8,<9_[~8G?_gG9<58R\ x4D2  1bM s  j7  4g¯)Oa~I254p[>BYI8WGFUJ^4[4[YPQF^Ge> GOx4^2­F<9_[~c8
G?_[Ge<?8W\x4^2¬<?MI8;Ge8;G¬2?VIAB8ABFDHIJDVF7JD8;GR







G?8W:=<5>@4^H0k L~I258WG?8RH&<5G-<?MI8K<9_[~c8KG?_gG9<58R\ x4D2  1t¡dHPGe8;:=<5>@4^HGk kFDHY k lS8b258W:RFDA@At<5MI8b<5MI8R4^2?8W\]G
x4D2O8Ryg~I2?8;G?G?>BHIJ<5MI8:v4^HG?>BGe<?8WH:v_U4Dxr<?M8,<9_&~c8]Ge_gGe<?8W\SO 2; <WK<?MI8]8Ryg8W:vVI<?>B4DHP\K4gYg8WA|,dH G?8W:=<5>@4^H0k mg








(E,≤) Qc8­F~F72?<?> F7ABA@_L4D2Yg8R258WYTG?8v<;-sI4^2FH4DHU8R\,~g<9_UG?VIQG?8v< S 47x E S8bH47<?8 ↓S = {x ∈
E|∀y ∈ S x ≤ y} <?MI8Ge8R<a4DxA@4pS8R2rQ4^VIHYIG47x S F7HY ↑S = {x ∈ E|∀y ∈ S y ≤ x} <?MI8Ge8R<a4DxVI~I~c8R2Qc4DVIHYG"47x
S







÷ ·)¯ ít½¨W½ º í :°±f° à?ì º ï ð|· ¨ ·ñ ë£ªI§;½ (ð ªg¨W¨W½|« · á² µ9 P£¤¥ P¼¹¼¾½=·P£¬­¨U£¨¶¬!¢U¨U?¥±¢  a:R4D\,~IAB8v<583¯^VFDG?>ÖhÅABF7<e<5>B:R8
ö3¥¹³¹Å9¨¢¨U³u¢U¨6·{¿
¢U¨¢3÷"¥ ¿ ¿·|£ P¼¹¼E³?·P³¨®µ+¤½"¢§9¦¢¨U¢
S ⊆ E Â uS ¨´)¥±¢¶¢
ÀÅu¨U³+¨U»P¨£ ↓S 6= ∅  P³?¬ tS¨´­¥±¢¢=ÀÅu¨U³+¨U»8¨U£ ↑S 6= ∅ Æ
:°±f°±  ¸  · §
sI4^2b<9_[~I>BHIJ  1þABFDHIJDVFDJD8;GRtSa8TF7258>BH&<?8R258WGe<?8;Y >BH¾<9_[~8A F7HIJ^VF7J^8WGbFDA@AB4pS">BHIJ0G?VIQg<9_[~I>BHIJ0258RA Fp<5>@4^HG
Qc8v<9S8R8RHé<9_[~8T:v4^HG9<52?V:=<?4^25Gb47xYI>V8R258RH&<]F725>Ö<5>@8;GRzAB>@w^8
list(α) ≤ term x4^2­>BHGe<5FDH:v8^f¬M>BG,F7ABAB4pSXGRx4D28vyIF7\,~IAB8D<?4]<9_[~c8O<?M8­F7~~IA@> :RF7<?>B4DHT47xz\,8v<F7~I254DJ^25FD\,\K>BHIJ,~I258WYg> :RF7<?8;G¬<?4M4D\,4DJ^8RHI8W4DVG¬AB>BGe<5GWcQ&_
[>@8WS">@HJT<?MI8;Ge8AB> G9<GFDG<58R25\]GRdH JD8WHI8R2F7AG?V:M GeVIQI<9_&~>@HIJ02?8WABF7<?>B4DHGOG?~8;:v>@x_PG?VIQg<9_[~I>BHIJU258RA Fp<5>@4^HG
Qc8v<9S8R8RHLGe~c8W:R>V:F725JDVI\,8WH^<Gz47x<5MI8X<9_[~c8:v4^HGe<?25V:=<54D2GRtsI4D2a>@HG9<F7H:R8D&Q&_,S"25>Ö<5>@HJ






















Z[4AB8v< L+ F7HY L− Qc8<9Sa4OYg> G694^>@H&<3:v4^VIH&<5FDQIA@8¬G?8v<5G4Dx¼S )¦¶¨¼ ¢=^Sa8¬HI4D<?8 L = L+]L− t8v< (K,≤K)Qc8FT:v4D\,~IAB8v<58¯&VFDG?>ÖhÅA Fp<e<5>B:R8,47x<9_&~c8:v4^HGe<?25V:=<54D2GR8v<
a















S ⊆ K Â#¥ ¿ uS ¨´)¥±¢¶¢¶ÂÄ¹Å9¨³ a(uS) ⊆ ⋃s∈S a(s)
Æ
 Æ ¿·P£ P¼¹¼









a(k) = a(k1) ∩ a(k2)
Æ
 4DHYg>Ö<5>@4^HGLD3ig3U8Ryg~I2?8;G?G<?MI8T:v4^MI8R258RH:v8]47xXA F7Qc8RA GIÀzS£=| <?M84D2Yg8W2b258RA Fp<?>B4DH¾FDHY¾FD2?8G?>B\K>BA F72<54




















^S8XHI4D<?8 L∗ <5MI8G?8v<r4Dx?HI>@<?8Ge<?25>BHIJ^Gz4Dx¡ABFDQ8WABGW ε <?M8-8R\,~g<9_Ge<?25>@HIJDªv «<?MI8G9<52?>BHIJ0:R4DH:WFp<?8WHFp<5>@4^H¾F7HY |w| <5MI8AB8RHIJD<?M¾4Dx w !NP8LFD2?8>@H&<?8W2?8;G9<58WY >BH/{~4&G?G?>@QA@_>BH7HI>@<?8}3<9_[~c8WGax4D25\,8WY]V~4^H K gS"MI8R258X<5MI8~4&Ge>@<?>B4DHG4DxGeVIQI<?8R25\]G¬F7258Yg8UHI8WYQ[_,Ge<?25>BHIJ^Ga47xA F7Qc8RA GW





¿¶£·|® L∗ ¥¹³23· K ¢¶§9º¶ÅQÅu |3Á




ε ∈ dom(τ) Æ
 Æ  ·|£ P¼¹¼7µ9·8¢¥¹¤¥·P³9¢
w ∈ dom(τ) Â+¿·P£ |¼¹¼ l ∈ L Â w.l ∈ dom(τ) ¥ ¿ P³?¬Z·P³2¼¾½"¥ ¿ l ∈ a(τ(w)) Æ





:°±f°$ #ë£¦£¨ ¸ ½ítú º ©p» · ©p½|í£ú
f¬MI8,GeVQg<9_[~I>@HJ258RA Fp<?>B4DH ≤ >BGYg8HI8WY04pD8R2X<9_&~c8WGW¡FDG-<?MI8K>BH^<58R2Ge8;:=<5>@4^H47xrFG?8W¯&VI8WH:v8 (≤n) 47x3~2?8Rh4D2Yg8W25G4pD8W2<9_&~c8WG-Yg8H8WYLQ&_C
• ≤0= T × T




l ∈ a(τ(ε)) ∩ a(τ ′(ε)) C
% 8W>Ö<5MI8R2 l ∈ L+ F7HY τ/l ≤n τ ′/l
% 4^2 l ∈ L− FDHY τ ′/l ≤n τ/l
• ≤ = ⋂n∈N ≤n
% © º  º §;½¨;½ º í :°±f° ≤ ¥±¢
 |³d·|£¬­¨U£·P»P¨U£ T Æ
% © º  º §;½¨;½ º í :°±f°± ÍD¨U









• ¨¥¹Åu¨U£ l ∈ L+  P³?¬ τ1/l≤τ2/l
• ·P£ l ∈ L−  |³+¬ τ2/l≤τ1/l
û ·[º © · ï :°±f° 4 â  7 9
(T ,≤) ¥±¢ Zº¶·P®µ+¼S¨U©¨§>U§9 8¢¥!d©¼S |¤¥º¶¨Æ
:°±f°S: #ë£¦£¨ ¸ ½ítú « º í£§W¨R©pªI½|í¨W§
















÷ ·)¯ ít½¨W½ º í :°±f°S: ² ¢§9¦¢¤¥¹§7¤¥·P³









ρ |= τ1 ≤ τ2
Æ





!kø ùKúû=Dv °dS  sut#suÚ ý












¤½µ9¨¢UºÅ9¨®G¨£>BGtF7HO8Ry[~2?8;G?G?>@4^HO47x[<?M8rx4^2?\ ∀ατ1, . . . , τn → τ pS"M8R258 α >BG<?MI8¬Ge8R<£4Dx[~F72F7\,8v<58R2G>BH­<9_[~c8WG
τ1, ..., τn, τ
NP8XFDG5GeV\K8<5MFp<r8;FD:M­xVIH:v<?>B4DH]Ge_[\­Q4^A
f ∈ F ^MFDGzF"¬)¨ºU¼S |£¨¶¬
¤½µu¨¢Uº¶Åu¨U®6¨347x<?M8x4^2?\ ∀ατ1, . . . , τn → τ IS"MI8W2?8 n > Gr<5MI8OF725>Ö<9_,4Dx f IF7HY τ > GF}F7<<9_[~c8D3Z[>B\,>@A F725A@_^[Sa8FDG5GeV\K8<?MFp<X8WF^:ML~2?8;Yg>B:WFp<58G?_[\bQc4DA




















f¬MI254DVIJ^MI4DVI<-<?M>BG~FD~8W2WS8KF^G?G?VI\,8<5MFp< F F7HY P FD2?8Iyg8WY0Q&_U\,8;F7HG47xrYI8W:vA F72Fp<5>@4^HG>@HPF¤½µu¨¶¬µ?£·¡|£ |®­S"MI8R258<?MI8G?_[H&<5FD:v<?> :RFDAYI8v<5FD>@A GXFD2?8>@HGe>BJDHI>S:WF7H&<¬x4D2"4DV2"2?8;GeVIA@<5GW
 »8 |£¥ ­¦U¼S¨½µ?¥¹³q¡> G¬FK\,FD~I~I>BHIJ­x2?4^\ F













U ` t : τ O-<?MI8W2?S"> Ge8<?MI8b<?8R25\ >BG¥¹¼¹¼xd©¤½µu¨¶¬L{F7HYUA@>BwD8WS">BG?8Ox4^2Fp<54D\]GW8v<:7 }= ~I254DJ^25FD\> G"Sa8WA@A@h<9_&~c8WYL>@xFDA@A¡>@<5GX:RABFDVG?8WG"F7258Sa8WA@A@h|<9_[~c8WY¡
f¬MI8TYg> G9<5>@H:v<?>B4DHèQ8R<9Sa8W8RHè2?VA@8;G Y ¨¶ ­¬F7HY ² 3·|® 8vyg~I258WG5Ge8;G<5MI8TVGeVF7A
¬­¨¸#³2¥¹¥·|³+ P¼¡q¨U³+¨U£¥º¥¹¤½~I25>@H:v>B~IA@8IM £EXoIOtS"MI> :MGe<5Fp<58WG-<?MF7<-<5MI8<9_[~c8b47x3FLYg8H>@HIJ4[:W:vVI25258RH:R847x3F~2?8;Yg>B:WFp<58{> 8^cF7<X<?M8




member : α × list(α) → pred >@xr>@<5GYg8UHI>@<?>B4DHóYg4[8WG­HI47<]:v4^H^<F7>BHéG?~8;:v> F7AaxFD:=<GKA@>BwD8
member(1, [1])
<5MFp<,Sa4^VIA Yx4D2:v8L>Ö<Gb<9_[~c8<?40Qc8















U ` R Åu¨U³ Uρ ` Rρ Æ
!k ØwJVXW)y+r 9 Dvwxy+ruz{tpa¬Îksfkr?k8°uØl 9 Dýqtwruz{tp
Z[VIQI698W:=<2?8;YgV:v<?>B4DHU> G"<?M8~I254D~c8R2?<9_<?MFp<-8WFDA@VFp<?>B4DHU25VIAB8WG¬<525FDHGex4D25\ F]S8RABAÖh<9_[~8;Y8vyg~I258WG5Ge>B4DHT>BH^<54
F7H47<?M8R2¬Sa8WA@A@h<9_&~c8WYL8vyg~I258WG5G?>@4^Htf¬M8O8RpF7ABVFp<5>@4^H25VIAB8x4^2":v4DHG9<525FD>@H&<¬A@4^JD> :~2?4^JD2F7\,\,>@HIJ­>BG  ZI-h






Fp<54D\]G A zN!8VG?8X<5MI8HI47<Fp<?>B4DH Q = c|A <?4K\,FDwD8"<5MI> GYI>BGe<?>BH:=<5>@4^H>BD8RHLF­:R4DHGe<?2F7>BH&<aYg4D\]FD>@H X
lI
ö  §9¦{÷ U`t:τ τ≤τ ′U`t:τ ′
ö%C2 P£3÷ {x : τ, . . .} ` x : τ








ö Y ¨¶ ­¬÷ U`t1:τ1ρ ... U`tn:τnρU`pτ1...τn(t1,...,tn)Head ρ
> GXFK2?8WHF7\,>BHIJKG?VIQGe<?>@<?VI<?>B4DH
ö P §9¨U£½¶÷ U`A1 Atom ... U`An Atom
U`A1,...,An Query




c′|B > GF â  Í ã d©£¨¢U·P¼V»8¨U³947xFL¯&VI8W2?_ c|AF7HYFT{2?8WHF7\,8WYF7~F72?<}a~I254DJD2F7\:RABFDVGe8
p(t1, ..., tn)← d|Ap
I>Öx
A = A1, . . . , Ak−1, p(t′1, . . . , t′n), Ak+1, . . . , Am

B = A1, . . . , Ak−1,Ap, Ak+1, . . . , Am

F7HY<5MI8:v4^HG9<525FD>@H&<
c′ = (c ∧ d ∧ t1 = t′1 ∧ . . . ∧ tn = t′n)
>BG X hG?F7<?> G{cF7QIAB8D
û ·[º © · ï :°S:° à#ë¦¡ý · «7¨ b · »të£«D¨W½ º í º ©TìA#¼r÷ © · § ºð ë¨;½ º í á 4  â 7 	9 Í¨
P
¦¶¨ À¨¼¹¼xd©¤½µ9¨¬
â Í_Öö X ÷
µ+£·¡|£ P®Âl P³?¬ Q ¦¶¨ "À¨U¼¹¼xd©¤½µu¨¶¬N>U§9¨£½8Â¥Æ¹¨0Æ U ` Q Query ¿·|£
¢U·P®G¨»8 |£¥ ­¦U¼S¨¤½µ+¥¹³q¡ U Æ
Ã ¿ Q′ ¥±¢  â  Í ã d©£¨¢U·P¼¾»P¨U³9#·{¿ Q ÂÅu¨U³Q¹Å9¨£¨¨´)¥±¢¶¢x »P P£¥ ­¦U¼S¨¤½µ+¥¹³¡ U ′ ¢§9º¶Å"Åu | U ′ ` Q′ Query Æ
dÅ<3> GzSa4^2e<5M­H47<?>BHIJ<5MFp<z<5MI8X~I258R[>B4DVG258WG?VIA@<3Sa4^VIABY­HI4D<3MI4DA YKS">Ö<5MI4DVg<z<5MI8-Yg8UHI>@<?>B4DHFDAIJD8WHI8R25> :v>@<9_
:v4^HYg>@<?>B4DHé{8vyg~I258WG5Ge8;Y>@H25VIAB8 Y ¨¶ )¬R}=sI4D28vyIF7\,~IAB8S">@<?MU<9S4:R4DHGe<5FDH^<G a : τa FDHY b : τb F7HYT4^HI8~I258WYg> :RF7<?8










!k ØwJVXW)y+r 9 Dvwxy+ruz{tpa¬Îksfkr?k8ØwJVý­ruz{r7w!ruz{tpxý
f¬MI8  Zg 258WYgV:v<?>B4DHGW&HI47<58WY −→CSLD gF7258X>BH]xFD:v<FDHF7QGe<?2FD:v<?>B4DH,47x¡<5MI84D~c8R2Fp<?>B4DHF7AI258WYgV:=<?>B4DHG<?MFp<\]F_L~8W2ex4^2?\ F7A Ge4G?VIQGe<?>@<?Vg<5>@4^HG9<58R~GWH47<?8;Y −→σ >BHG9<58WF^YT47xzwD8W8R~I>BHIJ]8W¯&VFDA@>@<9_L:R4DHGe<?2F7>BH&<5GW-G­>BH <?MI8  1 G5:MI8W\K8:v4^HG9<525FD>@H&<GF7258MFDHYgAB8WY\,4gYgVIAB40AB4DJD> :RFDA38W¯&VI>BpF7AB8RH:R8 M ^£¢&nUOÅz>Ö<K>BGK:vAB8WFD2
<?MFp<"<?M8Yg>BFDJD2F7\4DxtQc47<5M258WYIV:=<5>@4^HG":v4^\K\­Vg<?8;GC
l^i
Q1 −→CSLD Q2 −→CSLD . . . −→CSLD Qn
↓σ ↓σ ↓σ
−→CSLD . . .
↓σ ↓σ
−→CSLD




>R 4DH&<F7AX258WYgV:=<?>B4DH%Ge<?8W~G]4DHA@_^a<5MFp<> GSO 2; <;z<?MI8!F7QGe<?2FD:v<,8Ryg8W:vVI<?>B4DHó\,4[YI8RAXS"MI> :M)FD:W:vVI\­VIA Fp<?8;G
:v4^HGe<?2F7>BH^<GRgQVg<X\]F_HI47<XM4DA Yx4^2"\,4D258:R4DH:R2?8R<?84D~c8R2Fp<5>@4^HG¬47x:v4^HG9<525FD>@H&<XG?4DAB&>BHIJ]F7HYLG?VIQGe<?>@<?Vgh
<?>B4DHGR3s4D2¬8vyIF7\,~IAB8DgS">@<?M<5MI8OGeVIQI<9_&~c82?8WABF7<?>B4DHG
int ≤ term  pred ≤ term I<?MI8<9_[~8OYg8;:vA F72Fp<5>@4^HG






























F7HYLJ^2?8;Fp<58WGe<{VGe>BHIJ ≤ }~c4^G5Ge>BQIAB8<9_[~c8GeV:M<5MFp< U ` t : τ 3¤4D258~2?8;:v> Ge8WA@_C







U ` t : τ  |³+¬¿·P£¨¶ ­º¶Å"»P P£¥ )¦¼¨¤½µ+¥¹³q¡
U ′
¢§9ºÅ¹Å9 P
U ′ ` t : τ Â6Åu¨U£¨¨´)¥±¢¢ ¤½µu¨¢§9¦¢¤¥¹§7¤¥·P³ ρ ¢§9ºÅ¹Å9 Pl¿·P£  P¼¹¼»8 |£¥ ­¦U¼S¨













p(m1, . . . ,mn)
¬S"MI8W2?8
mi ∈ {I ,O}
x4D2











































÷ ·)¯ ít½¨W½ º í :°±*f°$ò² >U§9¨£½
Q = p1(s̄1, t̄1), . . . , pn(s̄n, t̄n)
¥±¢-HI> :v8WA@_b\K4gYg8;Y¥ ¿










V (t̄j) = ∅.
{9}
Ê Åu¨6ºU¼S P§¢U¨







V (t̄j) = ∅.
{|i^}








÷ ·)¯ ít½¨W½ º í :°±*f°S: ÍD¨U
C = pτ̄0,σ̄n+1(t̄0, s̄n+1)← p1σ̄1,τ̄1(s̄1, t̄1), . . . , pnσ̄n,τ̄n(s̄n, t̄n)
¦¶¨G Qº¼S |§¢U¨Æ Ã ¿ C ¥±¢³2¥º¶¨¼¾½I®6·0¬­¨¶¬PÂ t̄0 ¥±¢¥¹³|µ+§7d©¼¾¥¹³+¨¶ P£¶Â! P³?¬I¹Å9¨£¨6¨´)¥±¢¶¢ I»P P£¥ ­¦U¼S¨6¤½µ+¥¹³¡ U ¢§9º¶ÅÅu P
U ` C Clause Âx P³?¬
¿·|£Z¨ )ºÅ i ∈ {0, . . . , n} Â U ¥±¢µ+£¥¹³?º¥ µ9 P¼+¿·P£ t̄i  |³+¬ τ̄ ′i Â!ÀÅ9¨£¨ τ̄ ′i ¥±¢Åu¨¥¹³u¢© P³?º¨·{¿
τ̄i
§¢U¨¶¬!¿·|£¬­¨U£¥¹»¥¹³¡





³9¥º¶¨U¼¾½Z¤½µu¨¶¬)Æ ² µ?£·¡|£ |® ¥±¢­HI> :v8WA@_<9_&~c8WY¥ ¿ |¼¹¼'·{¿¥¹¢º¼ P§¢U¨¢ |£¨
³2¥º¶¨¼¾½Z½µ9¨¶¬­Æ
û ·[º © · ï :°±*f° à#ë¦¡ý · «7¨,© · »tët«7¨W½ º í á 4   ã 77 9 ÍD¨U C  P³+¬ Q ¦¶¨ ³9¥º¶¨U¼¾½ ¤½µu¨¶¬Nº¼ P§¢U¨ P³+¬>U§9¨£½­Æ Ã ¿ Q′ ¥±¢ £¨¢U·P¼V»8¨U³9·n¿ C  P³?¬ Q ÀÅu¨U£¨Åu¨=§7³9¥ ¸ º¶ |¥·|³·n¿Åu¨x¢U¨U¼S¨¶º©¨¶¬G P©·P®  |³+¬Åu¨=ºU¼S P§¢U¨Åu¨¶ )¬"¥±¢¢U·P¼¾»P ­¦U¼S¨G¦U½G®6·0¬­¨¶¬Z§7³9¥ ¸º |¥·|³uÂÄÅu¨U³
Q′
¥±¢=³9¥º¶¨¼V½G½µ9¨¶¬­Æ























catalogue[ cd[ title[ T ®µ+¥¹£¨U§7£¼S¨¢V>§9¨ T ] artist[ T ·)¦ ã ½P¼S |³ T ] year[ T 	'W'X  T ] ]
cd[ title[ TZY ¥¬­¨
½­·P§7£xÅu¨¶ |£ T ] artist[ T x·P³9³2¥¨ Ê ½P¼S¨U£ T ] year[ T 	"W1X'X T ] ]
cd[ title[ T[ 3·¶µ T ] artist[ T\  |®]!£·PÀÄ³ T ] year[ T 	"W'X1X T ] ] ]
Ê Åu¨¿·P¼¹¼·PÀÄ¥¹³q¡K£§7¼¨¨´­¤£ )º¢= |¼¹¼DÅu¨¥¹¤¼S¨¢¥¹³¹Å9¨º¶·|¼¹¼S¨¶º¤¥·P³?Á
result [ all title[ TITLE ] ] ←
catalogue{{ cd{{ title[ TITLE ] }} }}
Ê Å§¢¶Â#Åu¨£¨¢§7¼¾ £¨U§7£³?¨¬Z¦½GÅu¨£§7¼S¨¥±¢
result [ title[ T ®!µ?¥¹£¨§7£¼S¨¢V>§9¨ T ] title[ TZY ¥¬)¨½­·P§7£xÅu¨¶ |£ T ] title[ T[ 3·¶µ T ] ]
Ê Åu¨¿·P¼¹¼·PÀÄ¥¹³q¡K£§7¼¨¨´­¤£ )º¢= |³9½G¤À·G¤¥¹¼¨¢=¥¹³ Åu¨º¶·P¼¹¼S¨¶ºU¥·|³+Á
result [ some 2 title[ TITLE ] ] ←
catalogue{{ cd{{ title[ TITLE ] }} }}
Ê Åu¨£¨¢§7¼¾¢£¨U§7£³?¨¬Z¦½GÅu¨£§7¼S¨ P£¨0Á
result [ title[ T ®!µ?¥¹£¨§7£¼S¨¢V>§9¨ T ] title[ TZY ¥¬)¨½­·P§7£xÅu¨¶ |£ T ] ]
result [ title[ T ®!µ?¥¹£¨§7£¼S¨¢V>§9¨ T ] title[ T[ ©·µ T ] ]


















258RJDVABFD28Ryg~I2?8;G?G?>B4DH4^~8W25F7<?4^25GWC ∗ {258R~c8v<?>@<?>B4DHc}= | {|F7A@<?8W2?HF7<?>B4DH}FDHY ? {4^~g<?>B4DHFDA@>@<9_I}=
÷ ·)¯ ít½¨W½ º í :°<;D°² <9_[~8258RJ^VIABFD2a8Ryg~I2?8;G?G?>B4DH4ÂÄ³+·|3¨¶¬
Λ
¥±¢ 6£¨3¡|§7¼ P£¨´µ?£¨¢¢¥·|³·P»P¨£=Åu¨ P¼ µuÅu )¦¶¨










(στ)∗ v (σ | τ)∗ S"MI>@AB8 (σ | τ)∗ 6v σ∗τ∗ zG?>@H:v8 τσ ∈ L((σ | τ)∗) FDHY τσ 6∈
L(σ∗τ∗)





















σ ≤ σ′ FDHY τ ≤ τ ′ I<?MI8WH (στ)∗ ≤ (σ′τ ′)∗ 
÷ ·)¯ ít½¨W½ º í :°<;D°S: ÍD¨U
(Λ1, . . . ,Λm)
 |³+¬





(Λ1, . . . ,Λm)
¥±¢G Q¢¶§9¦U»P¨ºU©·P£"·{¿




k1, . . . , km
¢§9º¶Åd¹Å9 P
1 ≤ k1 < k2 <
. . . < km ≤ n
 P³+¬x¿·P£¨¶ )ºÅ
i ∈ {1, . . . ,m} Â Λi = Λ′ki
Æ
sI4^2"8vyIF7\,~IAB8D




























































Åu¨¼S ­¦¶¨U¼ ¢=§¢U¨¬"¥¹³¨´q |®!µ?¼S¨  Æs­Æ 	 Á
catalogue : t p cd∗ → t p catalogue
cd : t p title t p artist t p year → t p cd
title : string → t p title
artist : string → t p artist
year : int → t p year










cd{{X}} c<?MI8KpF725>BFDQIAB8 X \]F_U\]Fp<:M<58R25\,G4Dx<9_[~8













¼ · ï¾ïéª :D°;f° Ã ¿ t ¥±¢ ->§9¨U£½©¨U£®ÂÄ P³+¬Åu¨U£¨=¨´)¥±¢¶¢ »P P£¥ ­¦U¼S¨







τ1 | . . . | τn
Æ
Ã ¿ t ¥±¢ Iº·|³u¢¤£§9º#©¨U£® Åu¨U³ Λ ¥±¢¨U¥¹¹Å9¨£·n¿=Åu¨ ¿·P£® (τ1 | . . . | τn)m ·|£ ((τ1 | . . . | τn)m)∗ Æ
% © ºº  ° _T>@HYIV:=<5>@4^H4DHT<5MI8KYI8R25>@pFp<5>@4^HU47xr¯&VI8W2?_L<?8W2?\ F7HY0:v4DHG9<52?V:v<X<?8W2?\]GWcFDHYUQ[_2?8W\,FD2?w[>BHIJ
<?MFp<X>@x






























































































U ` t1 : Λ1 . . . U ` tn : Λn
U ` lΛ→τ [t1 . . . tn] : τρ
ρ
>BG-Fb<9_[~c8GeVQG9<5>Ö<5Vg<?>B4DH
(Λ1 . . .Λn)≤(Λ′1 . . .Λ′n)F7HY





U ` t : Λ Λ≤Λ′
U ` t : Λ′
(Var)
X : τ1 | . . . | τn ∈ U
U ` X : τ1 | . . . | τn
(As)
U ` t : Λ X : Λ ∈ U
U ` X ; t : Λ
(Compl Ord)
U ` t1 : Λ1 . . . U ` tn : Λn




(Λ1 . . .Λn) v Λρ
(Compl Unord)
U ` t1 : Λ1 . . . U ` tn : Λn
U ` lΛ→τ{t1 . . . tn} : τρ
ρ
> GXF­<9_[~8G?VIQGe<?>@<?Vg<5>@4^H





(Λ1, . . . ,Λn)F7HY




U ` t1 : Λ1 . . . U ` tn : Λn
U ` lΛ→τ [[t1 . . . tn]] : τρ
ρ
> GXF­<9_[~8G?VIQGe<?>@<?Vg<5>@4^H
(Λ1, . . . ,Λn)
>BGXF,G?VIQ[D8;:=<?4^2
4Dx
(Λ′1, . . . ,Λ
′
m)F7HY




U ` t1 : Λ1 . . . U ` tn : Λn
U ` lΛ→τ{{t1 . . . tn}} : τρ
ρ
> GXF­<9_[~8G?VIQGe<?>@<?Vg<5>@4^H
(Λ1, . . . ,Λn)
>BGXF,G?VIQ[D8;:=<?4^2
4DxtF,~c8R25\bVg<Fp<5>@4^HL4Dx
(Λ′1, . . . ,Λ
′
m)F7HY




U ` t : Λ




U ` t : Λ
U ` all t : Λ∗
(Some)
U ` t : Λ
U ` some n t : Λn
(Head Ord)
U ` t1 : Λ1 . . . U ` tn : Λn




(Λ1 . . .Λn) v Λρ
(Head Unord)
U ` t1 : Λ1 . . . U ` tn : Λn
U ` lΛ→τ{t1 . . . tn} Head
ρ
> G"FK2?8WHF7\,>BHIJK<9_[~8G?VIQGe<?>@<?Vg<5>@4^H





(Λ1, . . . ,Λn)F7HY




U ` tc Head U ` tq : any













Λ2ρ Y f¬MI>BG~I2?4^QIAB8R\ :R4D\bQ>@HI8;GG?VIQg<9_[~I>BHIJ~F72F7\,8R<?25>B:L~4^A@_[\,4D25~IMI> Ge\ F7HYè258RJDVABFD2K8Ryg~I2?8;G?G?>B4DH\]Fp<:MI>@HJXf¬MI8­~I2?4^QIAB8R\ 4DxrGeVQg<9_[~I>@HJ>@H0~F72F7\,8v<52?>R 8;Y258RJ^VIA F72"<52?8W8ABFDHIJDVF7JD8;G"MF^G"Q8W8RH0Ge<?VYg>@8;Y
>BHdM -s  j^l0OÅI>BH<?MI8:R4DH&<?8Ry&<"4Dx£xVIH:=<?>B4DHF7A¡A F7HIJ^VF7J^8WGax4D2"~I254g:v8;G?G?>@HJKG?8R\,>@hÅGe<?25V:=<5VI258WYYFp<5F
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